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VARIATIONS OF MIXED HODGE STRUCTURE AND 
SEMI-POSITIVITY THEOREMS 

OSAMU FUJINO AND TARO FUJISAWA 



Abstract. We discuss the variations of mixed Hodge structures 

arising from the mixed Hodge structures on compact support coho- 

^T) , mology groups of simple normal crossing pairs. We show that they 

are graded polarizable admissible variations of mixed Hodge struc- 
tures. Then we prove a generalization of the Fujita-Kawamata 
semi-positivity theorem. 
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k^ '. 1. Introduction 

b 

Let X be a simple normal crossing divisor on a smooth variety M 

and let B be a simple normal crossing divisor on M such that X + B 
is simple normal crossing on M and that X and B have no common 
irreducible components. Then the pair (X,D), where D = B\x, is a 
typical example of simple normal crossing pairs. In this situation, a 
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2 OSAMU FUJINO AND TARO FUJISAWA 

stratum of (X, D) is an irreducible component of T^ D • • • D Ti h C X 
for some {i±, ••-,«&} C J, where X + B = ^2 iEl Ti is the irreducible 
decomposition of X + B. For the precise definition of simple normal 
crossing pairs, see Definition 12.61 below. We note that simple nor- 
mal crossing pairs very often appear in the study of the log minimal 
model program for higher dimensional algebraic varieties with bad sin- 
gularities. The first author has already investigated the mixed Hodge 
structures on compact support co homology groups H'(X \D,Q) in 
[F7t Chapter 2] to obtain various vanishing theorems. Roughly speak- 
ing, this paper is a continuation of |F7| Chapter 2] and is devoted 
to the study of the variations of the above mentioned mixed Hodge 
structures. We show that they are graded polarizable admissible vari- 
ations of mixed Hodge structures. Then we prove a generalization 
of the Fujita-Kawamata semi-positivity theorem. Our formulation of 
the Fujita-Kawamata semi-positivity theorem is slightly different from 
Kawamata's original one. However, it is more suited for our studies of 
simple normal crossing pairs. 

The following theorem is a corollary of Theorem 15.11 and Theorem 
15.31 which are our main results of this paper (cf. |Kwl[ Theorem 5], 
[Ko2l Theorem 2.6], [HH Theorem 1], [EU Theorems 3.4 and 3.9], 
[Kw3l Theorem 1.1], and so on). It is an answer to the question raised 
by Valery Alexeev and Christopher Hacon. 

Theorem 1.1 (Semi-positivity theorem (cf. Theorem 15.11 and Theo- 
rem E3D)- Let (X,D) be a simple normal crossing pair such that D is 
reduced and let f : X — >• Y be a projective surjective morphism onto 
a smooth complete algebraic variety Y . Assume that every stratum of 
(X,D) is dominant onto Y. Let S be a simple normal crossing divisor 
on Y such that every stratum of (X,D) is smooth over Yq = Y \ E. 
Then R p f*ux/y(D) is locally free for every p. We put X = / _1 (F ), 
Do = D\x 0> and d = dimX — dimF. We further assume that all the 
local monodromies on -R a!_ *(/|xo\A))!Q^o\-Do around £ are unipotent. 
Then we obtain that R % /*wx/y(-D) is a semi-positive {in the sense of 
Fujita-Kwamata) locally free sheaf on Y . 

We note the following definition. 

Definition 1.2 (Semi-positivity in the sense of Fujita-Kawamata). A 
locally free sheaf £ on a complete algebraic variety X is said to be semi- 
positive (in the sense of Fujita-Kawamata) if and only if Op x ^(l) is 
nef onP*(£). 

The semi-positivity of R l f*ux/Y{D) in Theorem 11.11 follows from 
a purely Hodge theoretic semi-positivity theorem: Theorem 16.211 In 
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the proof of Theorem 11.11 we use the semi-positivity of (Gr^V)* in 
Theorem 11.31 We do not need the semi-positivity of F b V in Theorem 
11.31 for Theorem 11.11 For more details, see the discussion in 11.71 below. 

Theorem 1.3 (Hodge theoretic semi-positivity theorem (cf. Theorem 
I6.2ip ). Let X be a smooth complete complex algebraic variety, D a 
simple normal crossing divisor on X , V a locally free Ox-module of 
finite rank equipped with a finite increasing filtration W and a finite 
decreasing filtration F. We assume the following: 

(1) F a V = V and F b+1 V = for some a<b. 

(2) Gr^,Gr m V is a locally free Ox -module of finite rank for all m,p. 

(3) For all m, Gr^ 7 V admits an integrable logarithmic connection 
V m with the nilpotent residue morphisms which satisfies the 
conditions V m (FPGr^ V) C F^Gr^ V for all p. 

(4) The pair (Gr m V, F, V m ) \x\d underlies a polarizable variation 
ofH-Hodge structure of weight m for every integer m. 

Then (Gr^ V)* and F b V are semi-positive. 

In this paper, we concentrate on the Hodge theoretic aspect of the 
Fujita-Kawamata semi-positivity theorem (cf. [Kwlj . |Ko2j . |Nlj . and 
[F4j ) . On the other hand, there are many results related to the Fujita- 
Kawamata semi-positivity theorem from the analytic viewpoint (cf . [Ft] , 
[Be] , [BePj . |MTj . and so on). Note that Griffiths' pioneering work on 
the variation of Hodge structure (cf. [Gf]) is a starting point of the 
Fujita-Kawamata semi-positivity theorem. 

As a special case of Theorem 11.11 we obtain the following theo- 
rem: Theorem 15.81 It means that the formulation of Theorem 11.11 is a 
reasonable generalization of the Fujita-Kawamata semi-positivity the- 
orem. 

Theorem 1.4 (cf. [KwTl Theorem 5], [Kw2l Theorem 2], jKo2l Theo- 
rem 2.6], |N11 Theorem 1]). Let f : X — >■ Y be a projective morphism 
between smooth complete algebraic varieties which satisfies the follow- 
ing conditions: 

(i) There is a Zariski open subset Y of Y such that £ = Y \ Y is 

a simple normal crossing divisor on Y . 
(ii) We put X = f~ 1 (Yo) an d fo = f\x - Then f is smooth. 
(iii) The local momodromies of R d+l {fo)*<£.x around £ are unipo- 
tent, where d = dimX — dimF. 

Then R l f*ujx/Y is a semi-positive locally free sheaf on Y . 

We note that Theorem 11.41 was first proved by Kawamata (cf. |Kwl| 
Theorem 5]) under the extra assumptions that i = and that / has 
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connected fibers. The above statement of Theorem [L4] is a combination 
of [Kw2[ Theorem 2] with |Ko2[ Theorem 2.6] or |N1[ Theorem 1]. We 
also note that, by the Poincare-Verdier duality, R d+l (fo)*Cx is the 
dual local system of R d ~ l (fo)*Cx in Theorem II .41 In |Kwlj . |Ko2] . and 
[Nlj . the variation of Hodge structure on -R d+J (/b)*Cx is investigated 
for the proof of Theorem 11.41 On the other hand, in this paper, we 
concentrate on the variation of Hodge structure on R d ~ l (fo)*Cx for 
Theorem 11.41 

In [Kw3j . Kawamata obtained a result similar to Theorem 11.11 (see 
[Kw3l Theorem 1.1]). It is not surprising because both |Kw3j and this 
paper grew from a question raised by Valery Alexeev and Christopher 
Hacon. Kawamata's proof in |Kw3j depends on the theory of variation 
of mixed Hodge structure. Kawamata pointed out that the underlying 
local system of the variation of mixed Hodge structure discussed in 
[Kw3j does not come from a locally trivial family of topological spaces. 
We do not know whether the variation of mixed Hodge structure in 
[Kw3j has good properties or not. Our proof of Theorem 11.11 also de- 
pends on the theory of variation of mixed Hodge structure. However, 
our variation of mixed Hodge structure is different from Kawamata's. 
We show that it is graded polarizable and admissible. Precisely speak- 
ing, we prove the following theorem. 

Theorem 1.5 (GPVMHS arising from mixed Hodge structures on 
compact support cohomology groups (cf. Theorem 14.201) ). Let X be a 
complex variety, Z C X a closed subvariety of X and f : X — > Y a 
projective surjective morphism to a smooth complex variety Y . Then 
there exists a Zariski open dense subsetY ofY such that R n (f\x\z)\Qx\z\Y 
underlies an admissible graded polarizable variation of Q-mixed Hodge 
structure for every n. 

Although it seems to follow from the theory of mixed Hodge modules 
by Morihiko Saito |Sa2j . we give a detailed proof in Section HI because 
we need an explicit description of the Hodge filtration in Theorem 11.11 
For related results, see [511], [St2], [SZ], [Kg], 0B], [ETJ, [NA], [UN] . 

and so on. 

The following example shows that the assumption (2) in Theorem 
11.31 is indispensable. In the proof of Theorem 11.11 the admissibility 
of the graded polarizable variation of Q-mixed Hodge structure on 
R d ~ % (f\x \D )\Qx \D , which is proved in Theorem 11.51 assures us the 
existence of the extension of the Hodge filtration satisfying the as- 
sumption (2). Although the existence of such extension seems to be 
nontrivial for Kawamata's variation of mixed Hodge structure, there 
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are no discussions in |Kw3] . For related examples, see |SZ| (3.15) and 
(3.16)]. 

Example 1.6. Let V be a 2-dimensional Q- vector space with basis 
{ei, e 2 }. We give an increasing filtration W on V by W^{¥ = 0, WoV = 
W{¥ = Qei, and W2V = V. The constant sheaf on P 1 whose fibers are 

V is denoted by the same letter V, on which an increasing filtration W 
is given as above. We consider V = (Dpi (g> V = (Dei © (De 2 on P 1 . We 
set a decreasing filtration F on V |c* by 

F°(V | c .) = V | c *, F J (V | c .) = OcC^ei + e 2 ), F 2 (V | c *) = 0, 

where t is the coordinate function of C C P 1 . We can easily check 
that ((V, W)|c*, (V |c*, F)) is a graded polarizable variation of Q-mixed 
Hodge structure on C*. In this case, we can not extend the Hodge 
filtration F on V |c* to the filtration F on V satisfying the assumption 
(2) in Theorem 11.31 In particular, the above variation of Q-mixed 
Hodge structure is not admissible. 

We note that we can extend the Hodge filtration F on V |c* to the 
filtration F on V such that F 2 V = 0, F 1 V ~ (D P i(-l), and F°V = 

V with Gr^V ~ C P i(l). In this case, F 1 V and (Gr^V)* are not 
semi-positive. This means that a naive generalization of the Fujita- 
Kawamata semi-positivity theorem for graded polarizable variations of 
Q-mixed Hodge structure is false. 

Our treatment of Theorem 11.11 is completely different from Kawa- 
mata's in [Kw3] and is very natural from the viewpoint developed by 
the first author in |F71 Chapter 2]. 

We give a sketch of the proof of Theorem 11.11 for the reader's conve- 
nience. 

1.7 (Sketch of the proof of Theorem I l.ip . In Theorem ll.il we see that 
the local system R d ~ 7 ' (f\x \D )\Qx \D underlies an admissible variation 
of Q-mixed Hodge structure by Theorem 11.51 and its proof (see Section 
Hj). Let V be the canonical extension of (R d ~ l (f\x \Do)iQx \Do) ® ®y - 
Then we can prove R d ~ t f if Ox(—F>) ~ Gr^V where F is the canoni- 
cal extension of the Hodge filtration. Note that the admissibility en- 
sures the existence of the canonical extensions of the Hodge bundles 
(cf. Proposition I3.13p . We also note that we use an explicit descrip- 
tion of the canonical extension of the Hodge filtration in order to prove 
-R d ~*/*C ) x(— -D) — Gr^V when Y is a curve. By the Grothendieck du- 
ally, we obtain i?*/* w x/y(-D) — (Gr^V)*. Therefore, i?*/* w x/y(-D) is 
semi-positive by Theorem 11.31 It is very important to note that the lo- 
cal system R d ~ l (f\x \Do)\Qx \Do is n °t necessarily the dual local system 
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of R d+l (f \xo\Do) *Qx \d because X is not a smooth variety but a simple 
normal crossing variety. Thus it seems to be indispensable to investi- 
gate the variation of mixed Hodge structure on R d ~ l (f\x \D )iQx \Do 
for the semi-positivity of R % f*ux/Y(D)- See also the discussion in 11.81 
below. 

One of the main differences between our main theorems (cf. Theorem 
15.11 and Theorem I5.3J) and other known results is to use mixed Hodge 
structures on compact support cohomology groups. 

We quickly explain the reason why we use mixed Hodge structures 
on compact support cohomology groups. 

1.8 (Mixed Hodge structures on compact support cohomology groups). 
Let X be a smooth projective variety and let D be a simple normal 
crossing divisor on X. After Iitaka introduced the notion of logarithmic 
Kodaira dimension, Ox{Kx+D) plays important roles in the birational 
geometry, where K x is the canonical divisor of X. In the traditional 
birational geometry, Ox{Kx + D) is recognized to be Q x mX (logD). 
Therefore, the Hodge to de Rham spectral sequence 

E\ q = H q {X,Q p x {logD)) ^H p+q {X\D,C) 

arising from the mixed Hodge structures on H'(X \ D,C) is useful. 
The first author recognizes Ox(Kx + D) as 

Hom 0x {Ox{~D),O x {Kx)) 

or 

nnom 0x (O x (-D),Ux)[- dim X] 

where u x = Ox{Kx)[dimX] is the dualizing complex of X. Further- 
more, Ox{—D) can be interpreted as the 0-th term of the complex 

n x (\ogD)®O x (-D). 

By this observation, we can use the following Hodge to de Rham spec- 
tral sequence 

E p ' q = H*(X, n p x (logD) ® O x (-D)) => H p+q {X \ D, C) 

arising from the mixed Hodge structures on compact support coho- 
mology groups H*(X \ D,C) and obtain various powerful vanishing 
theorems. For the details and many applications, see |F8j . [FlOj . |F11[ 
Section 5], [F12j . |F15j . and |F7[ Chapter 2]. Therefore, it is very 
natural to consider the variations of such mixed Hodge structures. 

In this paper, we consider the variations of mixed Hodge structures 
arising from the mixed Hodge structures on compact support cohomol- 
ogy groups of families of quasi-projective simple normal crossing pairs. 
We will show that they are graded polarizable and admissible. 
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We summarize the contents of this paper. Section [2] is a preliminary 
section. We discuss divisors on simple normal crossing varieties in 
detail. This section is indispensable to discuss reducible varieties and 
divisors on them in subsequent sections. Section [3] is devoted to the 
study of generalities on variation of mixed Hodge structure. In Section 
HI we discuss the variations of mixed Hodge structures arising from 
the mixed Hodge structures on compact support cohomology groups of 
quasi-projective varieties. We show that they are graded polarizable 
and admissible. Section is the main part of this paper. Here, we 
characterize higher direct images of log canonical divisors by using 
canonical extensions of Hodge bundles (cf. Theorem 15.11 and Theorem 
I5.3p . It is a generalization of the results by Yujiro Kawamata, Noboru 
Nakayama, Janos Kollar, Morihiko Saito, and Osamu Fujino. Note 
that some technical parts will be treated in subsequent sections. In 
Section [61 we discuss a purely Hodge theoretic aspect of the Fujita- 
Kawamata semi-positivity theorem. Our formulation is different from 
Kawamata's original one but is suited for our results in Section EJ In 
Section we discuss some generalizations of vanishing and torsion- 
free theorems for quasi-projective simple normal crossing pairs. They 
are necessary for the arguments in Section In Section [HI we treat 
some examples, which help us understand the Fujita-Kawamata semi- 
positivity theorem, Viehweg's weak positivity theorem, and so on, in 
details. 

Let us recall basic definitions and notation. 

Notation. For a proper morphism / : X — > Y, the exceptional locus, 
which is denoted by Exc(/), is the locus where / is not an isomorphism. 
K. (resp. Q) denotes the set of real (resp. rational) numbers. Z denotes 
the set of integers. 

1.9 (Divisors, Q-divisors, and IR-divisors) . For an R-Weil divisor D = 
X^=i djDj on a normal variety X such that -D, is a prime divisor for 
every i and that Di ^ Dj for i ^ j, we define the round-up r D n = 
Y^j=i~dPDj (resp. the round-down lDj = Yl^i^dj-iDj), where for 
any real number x, r x n (resp. lxj) is the integer defined by x < r x n < 
x + 1 (resp. x — 1 < lxj < x). The fractional part {D} of D denotes 
D — \_D_i. We call D a boundary (resp. subboundary) M-divisor if < 
dj < 1 (resp. dj < 1) for every j. Q-linear equivalence (resp. M.-linear 
equivalence) of two Q-divisors (resp. R-divisors) B\ and B 2 is denoted 
by B v ~ Q B 2 (resp. B x ~ R B 2 ). 

1.10 (Singularities of pairs). Let X be a normal variety and let A be an 
effective R-divisor on X such that Kx + ^ is M-Cartier. Let / : X — > Y 
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be a resolution such that Exc(/) U f~ 1 A has a simple normal crossing 
support, where /~ 1 A is the strict transform of A on 7. We can write 

i 

We say that (X, A) is log canonical (Ic, for short) if Oj > —1 for every i. 
We usually write a^ = a(E t , X, A) and call it the discrepancy coefficient 
of E with respect to (X, A). 

If (X, A) is log canonical and there exist a resolution / : Y — > X 
and a divisor E on Y such that a(E,X,A) = — 1, then f(E) is called 
a log canonical center (Ic center, for short) with respect to (X, A). 

It is very important to understand the following example. 

1.11 (A basic example). Let X be a smooth variety and let A be a 
reduced simple normal crossing divisor on X. Then the pair (X, A) is 
log canonical. Let A = J2iei ^ be the irreducible decomposition of 
A. Then a subvariety W of X is a log canonical center with respect to 
(X, A) if and only if W is an irreducible component of A ix Pi - - - Pi A.; fe 
for some {ii, • • • , i&} C I. 

We will work over C, the complex number field, throughout this 
paper. 

Acknowledgments. The first author was partially supported by The 
Inamori Foundation and by the Grant-in- Aid for Young Scientists (A) 
(J20684001 from JSPS. He would like to thank Professors Takeshi Abe, 
Hiraku Kawanoue, Kenji Matsuki, and Shigefumi Mori for discussions. 
He also thanks Professors Valery Alexeev and Christopher Hacon for in- 
troducing him this problem. He thanks Professor Gregory James Pearl- 
stein (cf. [F]) and Professor Fouad El Zein for answering his questions 
and giving him some useful comments. He thanks Professor Kazuya 
Kato for fruitful discussions. The authors would like to thank Profes- 
sors Kazuya Kato, Chikara Nakayama, and Sampei Usui for discussions 
and comments. 

2. Preliminaries 

This section collects some preliminary facts. First, we quickly recall 
basic definitions of divisors. We note that we have to deal with re- 
ducible algebraic schemes in this paper. For details, see |Mult Lecture 
9] and [Fu| Appendix B.4]. 

2.1. Let X be a noetherian scheme with structure sheaf Ox and let 
fCx be the sheaf of total quotient rings of Ox, that is, for every affine 
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open set U C X, T(U, Kx) is the total quotient ring of T(U, Ox)- Let 
JC X denote the (multiplicative) sheaf of invertible elements in )Cx, and 
O x the sheaf of invertible elements in Ox- We note that Ox C Kx 
and O x C K* x . 

2.2 (Cartier, Q-Cartier, and R-Cartier divisors). A Cartier divisor 
D on X is a global section of JC* x /O x , that is, D is an element of 
H°(X, JC x /O x ). A Q- Cartier Q- divisor (resp. R-Cartier R-divisor) is 
an element of H°(X, K* x /O x ) ®i Q (resp. H°(X, K,* x /O x ) ® z R). 

2.3 (Linear, Q-linear, and R-linear equivalence). Let D\ and D 2 be 
two R-Cartier R-divisors on X. Then Di is linearly (resp. ^-linearly, 
or R-linearly) equivalent to -D 2 , denoted by -Di ~ -D 2 (resp. -Di ~q .D 2 , 
or £>i ~ R L> 2 ) if 

such that /j G T(X, /C^) and r« G Z (resp. r^ G Q, or r^ G R) for every 
i. We note that (fi) is a principal Cartier divisor associated to /j, that 
is, the image of f t by V(X,K* X ) -> r(X,/C^/C^). Let / : X -»■ F 
be a morphism. If there is an R-Cartier R-divisor B on Y such that 
D\ ~r D 2 + /*-B, then D\ is said to be relatively R-linearly equivalent 
to D 2 . It is denoted by D\ ~k,/ -D2- 

2.4 (Supports). Let Dbea Cartier divisor on X. The support of .D, 
denoted by SuppD, is the subset of X consisting of points x such that 
a local equation for D is not in Xx . The support of D is a closed 
subset of X. 

2.5 (Weil divisors, Q-divisors, and R-divisors). Let X be an equi- 
dimensional reduced separated algebraic scheme. We note that X is 
not necessarily regular in codimension one. A ( Weil) divisor D on X 
is a finite formal sum 

n 
i=l 

where Di is an irreducible reduced closed subscheme of X of pure codi- 
mension one and di is an integer for every % such that Di 7^ Dj for 

If di G Q (resp. di G R) for every i, then D is called a Q-divisor 
(resp. R-dwrasor). We define the round-up r D n = Yjl^dpDi (resp. the 
round-down lDj = X^=i LC ^ J A), where for every real number x, r x n 
(resp. lu) is the integer defined by x < r x n < x + 1 (resp. x — 
1 < lxj < x). The fractional part {D} of .D denotes £) — lDj. We 
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define D <x = J2d <i diDi and so on. We call D a boundary M-divisor if 
< di < 1 for every i. 

Next, we recall the definition of simple normal crossing pairs. 

Definition 2.6 (Simple normal crossing pairs). We say that the pair 
(X, D) is simple normal crossing at a point a G X if X has a Zariski 
open neighborhood U of a that can be embedded in a smooth variety Y, 
where Y has regular local coordinates (xi, ■ • • ,x p ,yi,--- ,y r ) at a = 
in which U is defined by a monomial equation 

#1 • • • x p — 

and 

r 

We say that (X, D) is a simple normal crossing pair if it is simple nor- 
mal crossing at every point of X. If (X, 0) is a simple normal crossing 
pair, then X is called a simple normal crossing variety. If (X, D) is a 
simple normal crossing pair, then X has only Gorenstein singularities. 
Thus, it has an invertible dualizing sheaf u>x- Therefore, we can define 
the canonical divisor Kx such that ux — Ox(Kx) (cf- [^°\ Proposi- 
tion (21.3.4)]). It is a Cartier divisor on X and is well-defined up to 
linear equivalence. 

We say that a simple normal crossing pair (X, D) is embedded if there 
exists a closed embedding i : X — > M, where M is a smooth variety of 
dimension dim X + 1 . 

We note that a simple normal crossing pair is called a semi-snc pair 
in [Ko5l Definition 1.9]. 

Definition 2.7 (Strata and permissibility). Let X be a simple normal 
crossing variety and let X = \J ieI X t be the irreducible decomposition 
of X. A stratum of X is an irreducible component of X^ n • • • fl Xj fe 
for some {ii, • • • , ik] G I. A Cartier divisor D on X is permissible if D 
contains no strata of X in its support. A finite Q-linear (resp. IR-linear) 
combination of permissible Cartier divisors is called a permissible Q- 
divisor (resp. ~R-divisor) on X. 

2.8. Let X be a simple normal crossing variety. Let PerDiv(X) be the 
abelian group generated by permissible Cartier divisors on X and let 
Weil(X) be the abelian group generated by Weil divisors on X. Then 
we can define natural injective homomorphisms of abelian groups 

ij) : PerDiv(X) ® z K -» Weil(X) ® z K 
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for IK = Z, Q, and R. Let v : X — > X be the normalization. Then we 
have the following commutative diagram. 

Div(X) ® z K — ^-*- Weil(X) ® z K 



PerDiv(X) ® z K *- Weil(X) ® z K 

Note that Div(X) is the abelian group generated by Cartier divisors 
on X and that if> is an isomorphism since X is smooth. 

By the injection if), every permissible Cartier (resp. Q-Cartier or R- 
Cartier) divisor can be considered as a Weil divisor (resp. Q-divisor or 
R-divisor). Therefore, various operations, for example, lDj, -D <1 , and 
so on, make sense for a permissible R-Cartier R-divisor D on X. 

We note the following easy example. 

Example 2.9. Let X be a simple normal crossing variety in C 3 = 
SpecCfx, y, z] defined by xy = 0. We put D\ = (x + z = 0) fl X and 
D2 = (x — z = 0) nX. Then D = \Di + \D 2 is a permissible Q-Cartier 
Q-divisor on X. In this case, lDj = (x = z = 0) on X. Therefore, 
\_D_i is not a Cartier divisor on X. 

Definition 2.10 (Simple normal crossing divisors). Let X be a simple 
normal crossing variety and let D be a, permissible Cartier divisor on 
X. If D is reduced and (X, D) is a simple normal crossing pair, then 
D is called a simple normal crossing divisor on X. 

Remark 2.11. Let X be a simple normal crossing variety and let D 
be a permissible K-Cartier K-divisor on X where K = Q or R. If 
SuppD is a simple normal crossing divisor on X, then lDj and r D~ [ 
(resp. {-D}, D Kl , and so on) are Cartier (resp. K-Cartier) divisors on 
X. 

Definition 2.12 (Strata and permissibility for pairs). Let (X, D) be 
a simple normal crossing pair such that D is a boundary R-divisor on 
X. Let v : X v — > X be the normalization. We define G by the formula 

K Xv + Q = u*(K x + D). 

Then a stratum of (X, D) is an irreducible component of X or the v- 
image of a log canonical center of (X u , B). We note that (X u , O) is log 
canonical (see ll.llj) . When D — 0, this definition is compatible with 
Definition 12 .71 A permissible R-Cartier R-divisor B on X is permissible 
with respect to (X, D) if B contains no strata of (X, D) in its support. 
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The reader will find that it is very useful to introduce the notion of 
globally embedded simple normal crossing pairs for the proof of vanish- 
ing and torsion-free theorems (cf. |F7| Chapter 2]). 

Definition 2.13 (Globally embedded simple normal crossing pairs). 
Let X be a simple normal crossing divisor on a smooth variety M 
and let B be an M-divisor on M such that Supp(5 + X) is a simple 
normal crossing divisor and that B and X have no common irreducible 
components. We put D = B\x and consider the pair (X,D). We call 
(X, D) a globally embedded simple normal crossing pair. In this case, 
it is obvious that (X, D) is an embedded simple normal crossing pair 
(cf. Definition ESD- 

In Section [71 we will discuss some vanishing and torsion- free theorems 
for quasi-projective simple normal crossing pairs, which will play crucial 
roles in Section [5j See also |F14] and |F15j . 

3. Generalities on variation of mixed Hodge structure 

3.1. Let X be a complex analytic variety. For a point x G X, we 
denote by C(x)(~ C) the residue field at the point x. For a morphism 
ip : J 7 — > Q of (9x- m odules we denote the morphism 

ip ® id : 7 <g)C(x) — ► Q ®C{x) 

by (p(x) for a point x G X. 

Remark 3.2. On a complex manifold X, the sheaf C(x) has a finite 
Tor dimension for all x G X. Therefore the (bi) filtered derived tensor 
product ® L C(x) makes sense for any complex of Cx- m odules equipped 
with a finite decreasing filtration (and a finite increasing filtration). 

Remark 3.3. For a complex K equipped with a finite decreasing fil- 
tration F and for an integer q, the four conditions 

(3.3.1) d : K q — > K q+l is strictly compatible with the filtration F, 

(3.3.2) the canonical morphism H q+1 (F P K) — > H q+1 (K) is injec- 
tive for all p, 

(3.3.3) the canonical morphism H q+1 (F P+1 K) — > H q+1 (F P K) is 
injective for all p, 

(3.3.4) the canonical morphism H q (F p K) — > H q (Gr p F K) is surjec- 
tive for all p 

are equivalent. Therefore the strict compatibility in (13.3. ip makes sense 
in the bifiltered derived category. 
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The following definition is an analogue of the notion of perfect com- 
plex (see e.g. jFGAKl 8.3.6.3]). 

Definition 3.4. Let X be a complex variety. A complex of Ox- 
modules K equipped with a finite decreasing filtration F (resp. finite 
decreasing nitrations F, G) is called a filtered perfect (resp. bifiltered 
perfect) complex if Qt p f K (resp. Gr^Gr^f^) is a perfect complex for 
all p (resp for all p, q). For the case of increasing filtration, we use the 
similar notation. 

We frequently use the following lemma throughout this section. 

Lemma 3.5. Let X be a complex manifold. 
(i) For a perfect complex K on X , the function 

X 3 x H> dim H q (K ® C(z)) 

is upper semi- continuous for all q. 

(ii) Let K be a perfect complex on X . If there exists an integer q 
such that H q (K) is locally free of finite rank for all q > qo, then the 
canonical morphism 

H q (K)®F — >H q (K® L F) 

is an isomorphism for any Ox -module F and for all q > q . 

(iii) Fix an integer q. For a perfect complex K on X , the following 
two conditions are equivalent: 

(3.5.1) The function 

X 3 x I-+ dim H q (K <g> L C(x)) 
is locally constant. 

(3.5.2) The sheaf H q (K) is locally free of finite rank and the canon- 
ical morphism 

H q {K)®F ^H q (K® L F) 

is an isomorphism for any Ox -module F . 

Moreover, if these equivalent conditions are satisfied, then the canonical 
morphism 

H q -\K) ®F — ► H q ^(K ® L F) 

is an isomorphism for any Ox -module F. 

(iv) Let (K, F) be a filtered perfect complex on X . Assume that the 
function 

I9i4 dim H q (K ® L C(x)) 
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is locally constant. If the morphisms 

d{x) : (K ® L €{x)) q - 1 — ► {K ® L £(x)) q 

d{x) : (K ® L C{x)) q — -y (# ® L C(x)) 9+1 

are strictly compatible with the filtration F(K® C(x)) for every x G X, 
t/ien H Q (Gr p F K) is locally free of finite rank, the canonical morphism 

H q {Gi p F K) <g> C(x) ~ H q {Gr p F {K ® L C(x))) (3.5.3) 

zs an isomorphism for all p and for every x G X, and d : K q — y K q+1 
is strictly compatible with the filtration F . 



Proof. We can easily obtain (i) , (ii) and (iii) by the arguments in [Mu2[ 
Chapter 5]. 



The strict compatibility conditions in (iv) imply the exactness of the 
sequence 

► H q (F p+1 (K <g> L C(x))) ► H q (F p (K ® L £(x))) 

y H q {Gi F K ® L £(x)) y 

for all p and for every x G X. Thus we obtain the equality 

J2 dim H q (G^ F K ® L C(a?)) = dim H q {K ® L C{x)) 
p 
for every x, which implies that dimif <? (Gr^i^ £g> L C(x)) is locally con- 



stant with respect to x G X. Applying (iii) , H q (Gr p F K) is locally free 
and (1 3.5.31) is an isomorphism for all p and for any x G X. By using 
the isomorphisms (I 3.5.31) for all p, we can easily see the surjectivity of 
the canonical morphism 

H q {F p K) <g> C{x) — ■> H q {Gi p F K) ® C(x) 

for any x G X, and then the canonical morphism 

H q {F p K) — ► H q (Gr p F K) 

is surjective for every p. Thus the morphism d : K q — y K q+1 is strictly 
compatible with the filtration F by Remark 13.31 □ 

Next, we define new notions for the later use. 

Definition 3.6. Let X be a complex manifold. A pre-variation of Q- 
Hodge structure of weight m on X is a triple V = (V, (V, F), a) such 
that 

• V is a local system of finite dimensional Q-vector space on X, 

• V is an Ox-module and F is a finite decreasing filtration on V, 

• a : V — y V is a morphism of Q-sheaves, 
satisfying the conditions 
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(3.6.1) a induces an isomorphism Ox ® V ~ V of (9x-modules, 

(3.6.2) Qi p F V is a locally free Ox-module of finite rank for every p, 

(3.6.3) (Y x , F(V(x))) is a Hodge structure of weight m for every x G 
X, where we identify Y x <8> C with V(x) by the isomorphism 
a(x). 

We denote (V x , F(V(x))) by V(a;) for x G X. ^^ 

We identify Ox <8> V with V by the isomorphism in (13.6. ip if there is 

no danger of confusion. Under this identification, we write V = (V, F) 

for a pre-variation of Q-Hodge structure. 

We define the notion of a morphism of pre-variations in the trivial 

way. 

Remark 3.7. A variation of Q-Hodge structure of weight m on X is 
nothing but a pre-variation V = (V, F) of Q-Hodge structure of weight 
m, such that the canonical integrable connection V on V = Ox <8) V 
satisfies the Griffiths transversality 

V(F p ) C Q x ® FP" 1 (3.7.1) 

for every p. A morphism of variations of Q-Hodge structures is a mor- 
phism of underlying pre-variations of Q-Hodge structures. 

Remark 3.8. (i) Let V\ = (Vi,F) and V 2 = (V 2 ,-F) be pre-variations 
of Q-Hodge structures of weight mj and m 2 respectively. Then the local 
systems Vi ® V 2 and "Hom(Vi, V 2 ) underlie pre-variations of Q-Hodge 
structures of weight m\ + m 2 and m 2 — m\ respectively. We denote 
these pre-variations of Q-Hodge structures by V\ <8> V 2 and T-tom(Vi, V?) 
respectively. 

(ii) For an integer n, Qx{ n ) denotes the pre-variation of Q-Hodge 
structure of Tate as usual. This is, in fact, a variation of Q-Hodge 
structure of weight — 2n on X. For a pre-variation V of Q-Hodge 
structure of weight m, V(n) = V <E> Qx( n ) is a pre-variation of Q- 
Hodge structure of weight m — 2n, which is called the Tate twist of V 
as usual. 

Definition 3.9. Let X be a complex manifold and V = (V, F) a pre- 
variation of Q-Hodge structure of weight monl. A polarization on 
V is a morphism of pre-variations of Q-Hodge structures 

V ®V — >Q x {-m) 

which induces a polarization on V(x) for every point x G X. A pre- 
variation of Q-Hodge structure of weight m is said to be polarizable, 
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if there exists a polarization on it. A morphism of polarizable pre- 
variations of Q-Hodge structures is a morphism of the underlying pre- 
variations of Q-Hodge structures. 

Definition 3.10. Let X be a complex manifold. 

(i) A pre-variation of Q-mixed Hodge structure on A is a triple 
V = ((V, W), (V, W, F), a) consisting of 

• a local system of finite dimensional Q- vector space V, equipped 
with a finite increasing filtration W by local subsystems, 

• an Ox-module V equipped with a finite increasing filtration W 
and a finite decreasing filtration F, 

• a morphism of Q-sheaves a : V — > V preserving the filtration 
W 

such that the triple Gt%V = (Gr^V, (GrJ^ V, F), Gr^a) is a pre- 
variation of Q-Hodge structure of weight m for every m. 

We identify (Ox <E> V, W) and (V, W) by the isomorphism induced by 
a as before, if there is no danger of confusion. Under this identification, 
we use the notation V = (V, W, F) for a pre-variation of Q-mixed 
Hodge structure. 

(ii) A pre-variation V = (V, W, F) of Q-mixed Hodge structure on 
X is called graded polarizable, if Gr m V is a polarizable pre-variation 
of Q-Hodge structure for every m. 

(iii) We define the notion of a morphism of pre- variations of Q-mixed 
Hodge structures by the trivial way. A morphism of polarizable pre- 
variations of Q-mixed Hodge structures is a morphism of the underlying 
pre- variations. 

Now, let us recall the definition of graded polarizable variation of 
Q-mixed Hodge structure (GPVMHS, for short). See, for example, [SZt 
§3], [SSUl Part I, Section 1], jBZl Section 7], [F%1 Definitions 14.44 and 
14.45], and so on. 

Definition 3.11 (GPVMHS). Let A be a complex manifold. 

(i) A pre-variation V = (V, W, F) of Q-mixed Hodge structure on 
X is said to be a variation of Q-mixed Hodge structure, if the canon- 
ical integrable connection V on V ~ Ox ® V satisfies the Griffiths 
transversality (I 3.7.11) in Remark 13. 7[ 

(ii) A variation of Q-Hodge structure is called graded polarizable, if 
the underlying pre-variation is graded polarizable. 

(iii) A morphism of (graded polarizable) variations of Q-mixed Hodge 
structures is a morphism of the underlying pre- variations. 
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The following definition of the admissibility is given by Steenbrink- 
Zucker [SZ[ (3.13) Properties] in the one- dimensional case and by Kashi- 
wara |Kst 1.8, 1.9] in the general case |Ks| §1]. See also \PS\ Definition 

14.49]. 

Definition 3.12 (Admissibility), (i) A variation of Q-mixed Hodge 
structure V = (V, W, F) over A* = A\{0}, where A = {t eC\\t\< 1}, 
is said to be pre- admissible if it satisfies: 

(3.12.1) The monodromy around the origin is quasi- unipotent. 

(3.12.2) Let V and W k V be the upper canonical extensions of V = 
C>a* ® V and of A * <8> W k V in the sense of Deligne [DTI 
Remarques 5.5 (i)] (see also [Ko2t Section 2]). Then the 
filtration^* 1 on V extends to the filtration F on V such that 
Gr^,Grj^V is locally free 0A- m odules of finte rank for each 
k,p. 

(3.12.3) The logarithm of the unipotent part of the monodromy ad- 
mits a weight filtration relative to W. 

(ii) Let A be a complex variety and U a nonsingular Zariski open 
subset of A. A variation of Q-mixed Hodge structure V on U is said 
to be admissible (with respect to A) if for every morphism i : A — > X 
with z(A*) C U, the variation tV on A* is pre- admissible. 

We frequently use the following lemma in Section [6l which is a special 
case of |Ks[ Proposition 1.11.3]. 

Proposition 3.13. Let X be a complex manifold, U the complement 
of a normal crossing divisor on X and V = (V, W, F) a variation o/M- 
mixed Hodge structure on U . We denote the upper canonical extensions 
ofV = O n ®Y and fW k V = O v ®W k N by V and by W k V respectively. 
If V is admissible on U with respect to X , then the filtration F on V 
extends to a finite filtration F onV by subbundles such that Gr^,Gr fc V 
is a locally free Ox-module of finite rank for all k,p. 

We give an elementary but useful remark on the quasi-unipotency of 
monodromy. 

Remark 3.14 (Quasi-unipotency). If the local system V has a Z- 
structure, that is, there is a local system V^ on A of Z-modules of 
finite rank such that V = Y% ® Q, in Definition 13.121 then the quasi- 
unipotency automatically follows from Borel's theorem (cf. [Scl (4.5) 
Lemma (Borel)]). 

The following lemma states the fundamental results on pre- variations 
of Q-Hodge structures. 
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Lemma 3.15. Let X be a complex manifold. 

(i) The category of the pre-variations ofQ-Hodge structures of weight 
m on X is an abelian category for every m. 

(ii) Let V\ and V 2 be pre-variations of Q-Hodge structures of weight 
nil andm 2 respectively, and if : V% — y V 2 a morphism of pre-variations . 
If nil > Tn 2 , then ip = 0. 

(iii) Let tp : V\ — > V 2 be a morphism of pre-variations V\ = (¥i,F) 
and V 2 — CV2,.F) of Q-Hodge structures of weight m on X . Then the 
induced morphism ip <g> id : Vi <g> Ox — > ^2 <8> Ox is strictly compatible 
with the filtration F. 

(iv) The functor from the category of the pre-variations of Q-Hodge 
structures of weight m to the category of the Q-Hodge structure of 
weight m which assigns V to V(x) is an exact functor for every x G X . 

(v) The category of the polarizable variations of Q-Hodge structures 
of weight m on X is an abelian category for every m. 



Proof. The statements (i) , (iii) and (iv) are easy consequences of Lemma 



iv. 



and (ii) is easily proved by the corresponding result for 

now. 



Hodge structures. So we prove 

Let V\ = (Vi, F) and V 2 = (Y 2 , F) be polarizable pre-variations of Q- 
Hodge structures of weight m on X, and <p : V\ — > V 2 a morphism. We 
fix polarizations on V\ and V 2 respectively. Taking (i) into the account, 
it is sufficient to prove that Ker(^) and Coker(yj) are polarizable. The 
case of Ker(^) is trivial. Then we discuss the case of Coker(^). 

The morphism if induces a morphism 

V* : Hom{V 2 , Qx(-m)) — ► Hom{Vi, Q x {-m)) 

which is clearly a morphism of pre-variations of Q-Hodge structures of 
weight m. On the other hand, the polarizations on V\ and V 2 induce 
the identifications 

Vi ~ Hom(Vi, Qxi-m)), V 2 ~ Uom(V 2 , Qx{-m)) 

which are isomorphisms of pre-variations of Q-Hodge structures. By 
these identifications the morphism if* above can be considered as a 
morphism of pre-variations V 2 — > Vi, which we denote by the same 
symbol ip* by abuse of the language. Then the inclusion Ker(yj*) <— y V 2 
induces an isomorphism Ker(ip*) ~ Coker(^) of pre-variations. There- 
fore we obtain a polarization expected. □ 

Definition 3.16. Let X be a complex manifold. 

(i) Let K = (Kq, (Kq, F), a) be a triple consisting of 

• a complex Kq of Q-sheaves on X bounded below, 
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• a complex Kq of Ox-sheaves on X bounded below, with a finite 
decreasing filtration F, 

• a morphism a : Kq — y Kq of complexes of Q-sheaves. 

The data K is called a pre- variation of Q-Hodge complex of weight m, 
if the following conditions hold: 

(3.16.1) The triple 

H n {K) = (H n (K Q ),(H n (K ),F),H n (a)) 

is a pre- variation of Q-Hodge structure of weight m + n for 
every integer n. 

(3.16.2) The spectral sequence EP' q {K ,F) associated to the filtered 
complex (Kq,F) degenerates at Ei -terms. 

Moreover, the pre- variation of Q-Hodge complex K of weight m is said 
to be polarizable, if H n {K) is polarizable for every n. 

(ii) Let K = {{Kq, W), {Kq, W, F), a) be a triple consisting of 

• a complex Kq of Q-sheaves on X bounded below, with a finite 
increasing filtration W, 

• a complex K of O^-sheaves on X bounded below, with a finite 
increasing filtration W and a finite decreasing filtration F, 

• a morphism a : Kq — y Kq of complexes of Q-sheaves preserv- 
ing the nitrations W on both sides. 

The data K is called a pre-variation of Q-mixed Hodge complex if the 
triple 

Gr%K = {GtZKq, {Gr%K , F), Gr%a) 

is a pre-variation of Q-Hodge complex of weight m for every m. More- 
over a variation of Q-mixed Hodge complex K is said to be graded 
polarizable, if Gr m K is polarizable for every m. 

(iii) Let K = (K Q ,(Ko,F),a) and K' = {K Q ,{K' ,F),a') be pre- 
variations of Q-Hodge complexes of certain weights. A morphism of 
pre- variations ip : K — y K' is a pair if = (ipq, ipo) consisting of 

• a morphism of complexes of Q-sheaves (Pq : Kq — y Kq 

• a morphism of complexes of Ox-modules (po '■ Kq — > K' 
preserving the filtration F 

such that the diagram 

An y J^n 



K y K' Q 
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is commutative. A morphism of pre- variations of Q-mixed Hodge com- 
plexes is defined similarly. 

(iv) A co-semi-simplicial pre- variation of Q- (mixed) Hodge complex 
on A is a covariant functor from the semi-simplicial category A mon 
(cf. |GNPPt Expose IV(l.l)]) to the category of the pre-variations of 
Q-(mixed) Hodge complexes on A as usual. 

Remark 3.17. The notion of a pre-variation of Q-Hodge complex 
makes sense in the filtered derived category in the following sense. 

Let K = (Kq, (K g , F), a) and K' = (K' Q , (K' Q , F), a') be triples on 
a complex manifold A as in Definition 13.161 Assume that we have 
a quasi-isomorphism Kq — > KL and a filtered quasi-isomorphism 
(Kq, F) — > {K' , F) which are compatible with the morphisms a and 
a'. Then A is a pre-variation of Q-Hodge complex of weight m if and 
only if so is K' . 

Also the notion of a pre-variation of Q-mixed Hodge complex makes 
sense in the bifiltered derived category. 

Remark 3.18. Let K = (Kq,(Ko-,F),o) be a pre-variation of Q- 
Hodge complex of weight m. If (Kq, F) is a filtered perfect complex, 
then the canonical morphism 

# n (Gr^A) ® C(x) — > H n (Gr p F (K ® L C{x))) 

is an isomorphism for all n,p and for every x G A by the fact that 
H n (Gi p F K) ~ Gr p F H n (K) is locally free of finite rank for all n, p and by 



Lemma r3.5((ii) Moreover, we can easily check the Ei-degeneracy of the 
spectral sequence associated to the filtered complex (Kq, F) ® l C(x) 
for every x G A. Thus we conclude that 

K ® L C(x) = (K QtX , (Ko, F) ® l C(x), a(x)) 

is a Q-Hodge complex of weight m for every x G A. Moreover we have 

H n (K) ® C{x) = H n {K ® L C(x)) 

as Q-Hodge structures of weight m + n for every x G A. 

The lemma below is an easy consequence of the definition. 

Lemma 3.19. Let X be a complex manifold. For a co-semi-simplicial 
pre-variation of Q-mixed Hodge complexes K' on X , we give filtrations 
5(W, L) and F on the total single complex sK* by the same way as in 
jD"3l (7.1.6.1), (7.1.7.1)]. Then the triple {sK',5{W,L),F) is a pre- 
variation of Q-mixed Hodge complexes on X . For the case where K' is 
a finite co-semi-simplicial pre-variation of Q-Hodge complexes of weight 
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m, (sK*, 5(L)[m], F) is a pre-variation of Q-mixed Hodge complexes on 
X , where S(L) is the finite increasing filtration defined by 

5(L) m (sK) n = (K«) n - q (3-19.1) 

q>— m 

for all m,n (c/. [D3, (5.1.9.3)]). Moreover, if K n is graded polarizable 
for every n, then so is sK* . 

Similarly, for a morphism of pre-variations of Q-mixed Hodge com- 
plexes ip : K\ — y K2 on X , the mixed cone Cm^) defined in \E2\ 3.3] 
is a pre-variation of Q-mixed Hodge complex on X . If K\ and K-i are 
graded polarizable, then so is Cm{}P)- 

Lemma 3.20. Let X be a complex manifold and 

K=((K Q ,W),(K ,W,F),a) 

a pre-variation of Q-mixed Hodge complex on X. Then the following 
holds: 

(3.20.1) the triple 

H n (K) = ((H n (K Q ),W[n}),(H n (K ),W[n],F),H n (a)) 
is a pre-variation of Q-mixed Hodge structure for every n, 

(3.20.2) the spectral sequences EP' q (K Q ,W) and E v r q {K ,W) degen- 
erate at E2-terms, 

(3.20.3) the spectral sequence E^ ,q (Kc,,F) degenerates at Ex-terms. 

Moreover, if K is graded polarizable, thenH n (K) is a graded polarizable 
pre-variation of Q-mixed Hodge structure for every n. 

Proof. We consider the spectral sequences E^' q (Kq,W), E^ ,q (Ko,W) 
associated to the filtration W. The morphism a induces an isomor- 
phism 

E^(a) : E^(K Q , W)®0 X - E™(K , W) 

for all p,q and for all r > 1. The filtration F rec on E*! ,q (Kc>,W) is 
defined in |D2l (1.3.11)]. We set 

E?«(K, W) = (E™(K Q , W), (E™(K , W), F rec ), E™{a)) 

for all p, q and for r > 1 . 

Because F rec on Ef' q (K a , W) coincides with the filtration F on HP +q (Gi™ p K ) 
under the isomorphism Ef' q (K , W) ~ H p+q (Gr w p K ), Ef' q (K, W) is 
a pre-variation of Q-Hodge structure of weight q and the morphism 

d x : E P {\K, W) — ► E{ +l ' q (K, W) 
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is a morphism of pre- variations for all p, q. Thus we conclude that 
E p,q (K, W) is a pre-variation of Q-Hodge structure of weight q and the 
morphism d\ above is strictly compatible with the filtration F for all 



p, q by Lemma 13.151 (i) , (iii) Because the morphism 
d 2 : E p 2 ' q (K, W) — )• E p+2 > q ~\K, W) 
preserves the filtration F on both side, we conclude that 62 = for all 



p, q by Lemma 13.151 (ii) . Inductively on r, we obtain d r — for r > 2, 
which means the ^-degeneracy of the spectral sequence E^ ,q (K, W). 
Thus we obtain the conclusions (13.20.11) and (13.20.21) . Moreover, if K is 
graded polarizable, then E p ' q (K, W) is a polarizable pre-variation for 



all p, q. Then Lemma [3. 151 (v) implies that E p,q (K, W) is polarizable 
for all p, q. 

The morphism 

do : E™(K , W) — ► E p q+1 (K o , W) 

is strictly compatible with the filtration F rec by (13.16.21) . Moreover, the 
morphism d r is strictly compatible with the filtration F rec as remarked 
above. Therefore we obtain the conclusion (I3.20.3p by [D3, Proposition 

(7.2.8)]. " D 

Remark 3.21. Let K = ((Kq, W), (K , W, F), a) be a pre-variation 
of Q-mixed Hodge complex. If (Kq,W, F) is bifiltered perfect, then 
K® L< C{x) is a Q-mixed Hodge complex for every x £ X and H n (K® L 
C(x)) coincides with H n (K) <g> C(x) as Q-mixed Hodge structures for 
every x £ X by Remark 13.181 

Definition 3.22. Let X be a complex manifold. 

(i) Let K = (Kq, (Kq, F), a) be a pre-variation of Q-Hodge complex 
of weight m on X. We consider a finite decreasing filtration F on the 
complex Q} x ® Kq by 

F p (n 1 x ®K ) = n 1 x ®F p K 

for all p. A transversal connection on K is a morphism 

7 :(K ,F)-^(^®ir ,F[-l]) 

in the filtered derived category of complexes of C-sheaves such that the 
diagram 

O x ®Kq y K 

<2®id 

Q x ® Kq ► Q x <g) K 

commutes in the derived category, where the top and bottom horizontal 
arrows are the morphisms induced by a. 
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For a pre-variation of Q-mixed Hodge complex, a transversal con- 
nection is defined by the same way. 

(ii) A variation of Q-(mixed) Hodge complex on X is a pair (if, 7) 
consisting of a pre-variation of Q- (mixed) Hodge complex K and a 
transversal connection 7 on if. We simply call K a variation of Q- 
(mixed) Hodge complex if there is no danger of confusion. 

(iii) Let (if, 7) and (if' ,7') be variations of Q-(mixed) Hodge com- 
plexes on X. A morphism of variations of Q-(mixed) Hodge complexes 
tp : (if, 7) — > (if', 7') is a morphism of pre-variations tp : K — > if' 
which is compatible with the morphism 7 and 7', that is, the diagram 

K -^ K' 



Vt x x <g> K > &x ® K' 

is commutative. 

(iv) A co-semi-simplicial variation of Q- (mixed) Hodge complex on 
X is a covariant functor from the category A mon to the category of the 
variation of Q- (mixed) Hodge complex on X as usual. 

We can easily see the following by the definition above. 

Lemma 3.23. Let (if*, 7*) be a co-semi-simplicial variation of Q- 
mixed Hodge complex on a complex manifold X . Then 

(sK',6(W,L),F,sY) 
is a variation of Q-mixed Hodge complex on X . 

Corollary 3.24. Let tp : (if^x) — > {K21I2) be a morphism of vari- 
ations of Q-mixed Hodge complex on a complex manifold X . Then the 
mixed cone Cm{p) with the morphism induced by 71,72 is a variation 
of Q-mixed Hodge complex. 

Lemma 3.25. Let X be a complex manifold and (if, 7) a variation of 
Q-mixed Hodge complex on X . Then H n (K) is a variation of Q-mixed 
Hodge structure on X for all n. 

In the rest of this section, we consider the case over the unit disc A in 
C The following definition and lemmas are technical tools for proving 
the admissibility of geometric variations of Q-mixed Hodge structures. 

Notation 3.26. We set A* = A \ {0}. The canonical inclusions A* <-» 
A and {0} <-)■ A are denoted by j and i respectively. The upper 
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halfplane in C is denoted by EI and the morphism n : H — > A* is 
given by n(s) = exp(2^^^/^ Is). The nearby cycle functor 

i> t = r'RiJTT)^- 1 (3.26.1) 

is a functor from the derived category of the bounded below (filtered) 
complexes of Q-sheaves on A* to the derived category of the bounded 
below (filtered) complexes of Q-vector spaces. 

Lemma 3.27. Let K be a pre-variation of Q- Hodge complex on A*. 
Then we have the canonical isomorphism 

H n ^ t K Q ~ H%H n (K Q ) 
for all n. Moreover, the canonical morphism 

Rr(W 1 ir- 1 K Q )—^rl} t KQ 
is a quasi-isomorphism. 

Proof. There exist spectral sequences E p ' q (RT{M, 7i~ 1 Kq)) and E pq (ip t K^ 
with 

£f (MXHU- 1 ^)) = HP{W^~ l H q {K Q )) 

^^(MXELtT 1 !^)) = H p+q (M, n' 1 ^) 

E%> q ty t K Q ) = H^ t H q (K Q ) = i^R^j^^H^Kq) 

E p+q (^ t K Q ) = H p+q ^ t K Q = r^^O'Tr)^" 1 ^ 

and a morphism 

E^iRTiU^-'KQ)) — ► E?(iIhKq) 

of spectral sequences. 

Because H q (Kq) is a local system on A*, 7T~ l H q (Ko) is a con- 
stant Q-sheaf on A*. Therefore we have R p (jiT) t .7i^ l H q (KQ) = 
and H P (M, TT^ 1 H q (Ko)) = for p ^ 0. Thus the spectral sequences 
E P,q (RT{M, 7i~ 1 Kq)) and E pq (ip t Ko) degenerate at i? 2 -terms and we 
have the canonical isomorphisms 

h^w^Kq) = r(e,7r- 1 /7"(ir Q )) 

H n ^ t K Q = H%H n (K Q ) 

for all n. By definition, we have 

H°^ t H n (K Q ) = i-\jTi)^- l H n {KQ) 

which coincide with r(H, TT^ 1 H n (Ko)) for all n, because tt~ 1 H u {Kiq) 
is a constant Q-sheaf on EL D 
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Corollary 3.28. Let K be a pre-variation of Q-mixed Hodge complex 
on A* . Then the canonical morphism 

(RT(U, n~ l K Q ), W) — ¥ if> t (K Q , W) 

is a filtered quasi-isomorphism. Moreover we have the canonical iso- 
morphism 

E^(AK Q , W) ~ r(H, n- l E™(K Q , w)) 

for the spectral sequences. The spectral sequence Ep^^Kq, W) degen- 
erates at E2-terms. 

Proof. Because of the canonical isomorphisms 

Gr^ J Rr(e,7r- 1 ir Q ) ~ RT(W^- 1 GtZKq) 

GtZ^K q ~ iPtGr%K Q 

for all m, the first part is an easy consequence of the lemma above. 
Therefore the spectral sequence E P ' q (ip t KQ,W) is isomorphic to the 
spectral sequence E^ ,q (RT(M., 7T~ 1 Kq), W) whose £7i-terms are 

E™(RT(W, tv-'Kq), W) = H p+q (U, h- 1 Gt w p Kq) 

= T(M,n- 1 H p+q Gr w p K Q ) 

= T(M,n- 1 E p 1 '\KQ,W)) 

for all p, q. By using the fact that E p ' q (KQ, W) is local system on A*, 
we can easily see the equality 

E p ' q (RT(U, tt-^q), W) = T(U, tt- x Ep*{K q , W)) 

for all p, q, which implies the ^-degeneracy of the spectral sequence 
^•«(i2r(H,7r _1 iir<i),W) as expected. * ~ D 

Definition 3.29. (i) An extended pre-variation of Q-mixed Hodge 
complex on A is a data (K(logO), K, A, (, (3, rf) consisting of 

(3.29.1) a bounded below complex of 0A- m odules if (log 0) equipped 
with a finite increasing filtration W and a finite decreasing 
filtration F such that (if (log 0), W, F) is bifiltered perfect, 

(3.29.2) a pre-variation of Q-mixed Hodge complex K on A*, 

(3.29.3) a filtered Q-mixed Hodge complex (for the definition, see [E2| 
6.1.4 Definition]) A = ((Aq, W f , W), (A c , W f , W, F),a), 

(3.29.4) an isomorphism 

C : (K ,W,F) ^ (K(\ogO),W,F)\ A , 
in the bifiltered derived category, 
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(3.29.5) a morphism 

(3 : MKq, W) — ► (if , W) ® L C(0) 
in the filtered derived category, 

(3.29.6) a pair 77 = (i]q,i]c) of an isomorphism 

t 7q :^(^q,^)^(Aq,^ / ) 
in the filtered derived category and an isomorphism 

Vc : (K(\og 0), W, F) ® L C(0) — ► (A c , W f , F) 
in the bifiltered derived category such that the diagram 
MK Q ,W) ^^ (A Q ,Wf) 



{K{logO),W)® L C{0) > (Ae,Wf) 

is commutative in the filtered derived category. 

We sometimes use the symbol if (log 0) or (if(logO), W, F) for an ex- 
tended pre-variation of Q-mixed Hodge complex. We call K the un- 
derlying pre-variation of Q-Hodge complex and A the limiting filtered 
Q-mixed Hodge complex. 

(ii) An extended variation of Q-mixed Hodge complex on A is a data 
(if (Iog0),7(log0),7) consisting of 

• an extended pre-variation of Q-mixed Hodge complex if (log 0) 
on A with the underlying pre-variation if, 

• a morphism 

7 (log0) : (if (logO), F) — ► (ft A (logO) ® if(logO), F[-l]) 

in the filtered derived category 

• a morphism 

7 :(if ,F) — >(n 1 A .®K ,F[-l]) 
in the filtered derived category 
such that 

(3.29.7) (if, 7) is a variation of Q-mixed Hodge complex on A*, 

(3.29.8) the digram 

(K ,F) — U (Sl 1 A .®K ,F[-l]) 



C 



id®< 



(if(logO),F)| A , ; (fi A ,®if(logO)| A ,,F[-l]) 

7 (logO) I A » 
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is commutative in the filtered derived category. 

We call (K, 7) the underlying variation of Q-mixed Hodge complex of 
(i^(log0),7(log0),7). We sometimes omit the symbol 7 if there is no 
danger of confusion. 

(hi) For the case of W m K(\ogO) = K(\ogO),W m . 1 K(\ogO) = for 
some integer m, we call it an extended (pre-)variation of Q-Hodge 
complex of weight m, and omit the filtration W. 

(iv) Let 

K(logO) = (K(logO),K,A,{,0,v) 
K'(\ogO) = (K'(\ogO),K',A',C,P',r ] ') 

be extended pre- variations of Q-mixed Hodge complexes on A. A mor- 
phism of extended pre- variations if (log 0) — > K' (logO) is a triple 
(a(logO), a, a) consisting of 

• a morphism of bifiltered complexes 

a(logO) : (K(\ogO),W,F) — ). (K'(\ogO),W,F) 

• a morphism 

a : K — > K' 

of pre- variations of Q-mixed Hodge complexes on A*, 

• a morphism of filtered Q-mixed Hodge complex 

a : A — > A 
such that the diagram 



(K ,W,F) 
C 
(K(\ogO),W,F)\ A * 



do 



(K' ,W,F) 
C 
-> (K'(logO),W,F)\ A * 



°"( lo gO)|A* 

is commutative in the bifiltered derived category and the diagrams 
A(K Q ,W) ^^{K'W) 



'/:; 



,wf) 



+ (4&W) 



(K(\ogO),W)® L C(0) CT(1 ° g0)(0) ) (K'(logO),W)® L C(0) 



vc 
(A c ,Wf) 



(A' c , W') 
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are commutative in the filtered derived category. We sometimes use 
the symbol cr(logO) instead of (cr(logO), a, a) for simplicity 

(v) Let (iT(logO), 7(log0), 7) and (if' (log 0), 7'Qog 0), 7') be extended 
variations of Q-mixed Hodge complexes on A. A morphism of extended 
variations of Q-mixed Hodge complexes 

(#(lo g 0), 7 (log0),7) — > (K , (log0),7 / (log0), 7 / ) 

is a morphism of extended pre- variations of Q-mixed Hodge complexes 
(a(logO), a, a) such that cr(logO) is compatible with 7(log0),7'(log0) 
and that o is compatible with 7, 7' in the filtered derived category. 

(vi) A co-semi-simplicial extended (pre-)variation of Q-mixed Hodge 
complex on A is a co-semi-simplicial object in the category of the ex- 
tended (pre-)variations of Q-mixed Hodge complexes on A. A co-semi- 
simplicial extended (pre-) variation of Q-mixed Hodge complex on A 
is said to be finite if there exists a non-negative integer go such that 
K q (log0) =0 for all g > go- 
Lemma 3.30. (i) Let 

K'(\og0) = (K'(\og0),K',A',(%p%r)') 

be a finite co-semi-simplicial extended pre-variation of Q-mixed Hodge 
complex on A. Then 

(sK'{\ogO),6(W,L),F) 

is an extended pre-variation of Q-mixed Hodge complex on A whose un- 
derlying pre-variation of Q-mixed Hodge complex is (sK*,S(W,L),F) 
on A*. For the case where if* (log 0) is a finite co-semi-simplicial ex- 
tended pre-variation of Q-Hodge complex of weight m, 

(sK'(\og0),S(L)[m},F) 

is an extended pre-variation of Q-mixed Hodge complex whose under- 
lying pre-variation is (sK',5(L)[m],F). 
(ii) Let 

(tf-(tog0),7'(log0), 7 ') 

be a finite co-semi-simplicial extended variation of Q-mixed Hodge com- 
plex on A. Then 

(8if(log0),s7*(log0),s7*) 

is an extended variation of Q-mixed Hodge complex on A, where the in- 



creasing filtration on sK'(\ogO) is given by 8(W, L) as in (i) above. For 
the case where (i^ # (log0),7*(log0),7') is a finite co-semi-simplicial 
variation of Q-Hodge complex of weight m, 

(sK'(\ogO), S1 '(\ogO),s^) 
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is an extended variation of Q-mixed Hodge complex on A, where the 



increasing filtration on sK* (log 0) is given by S(L)[m] as in (i) above. 
Proof. We have 

(Gr^' L) 8lT (logO), F) = 0(Gr^ + ^(logO)[-g],F) (3.30.1) 

q>0 

as filtered complexes, which is, in fact, a finite direct sum because 
if(logO) is finite. Thus (sK'(logO), 5(W, L), F) is bifiltered perfect. 
Similarly, we have 

Gt^MsK-q) = GT 5 ,i w ' L) s^K' Q 

<?>0 

for all m. 

By definition, it is clear that A' = ((A' Q , W?, W), (A* c , W*, W, F), a 9 ) 
is a co-semi-simplicial filtered Q-mixed Hodge complex. Therefore 

(sA',6(W f ,L),6(W,L),F) 

= ((sA* Q , 5(Wf, L), 5(W, L)), (sA' c , 6{W', L), 5(W, L),F), sa*) 

is a filtered Q-mixed Hodge complex by [E2(. 6.1.15 Proposition]. 

Then we obtain the conclusion by ( I 3.30.11) for sK* (log 0) and for 
sA m , by fl 3.30.2P and by Lemma [331 

The second part concerning with the variation of Q-mixed Hodge 
complex is an easy consequence of the first part and Lemma 13.231 □ 

Corollary 3.31. (i) Let K (log 0) and K' '(log 0) be two extended pre- 
variations of Q-mixed Hodge complex on A and 

or(logO) : KQogO) — y K'QogO) 

a morphism of extended pre-variations of Q-mixed Hodge complexes. 
Then the mixed cone Cm (cr(logO)) is an extended pre-variation of Q- 
mixed Hodge complex on A. 

(ii) Let (K(log0),7(log0),7) and (K'(log0),7 / (log0),7 / ) be two ex- 
tended variations of Q-mixed Hodge complexes on A and 

or(logO) : (ir(log0),7(log0), 7 ) — »■ (A w (log0), 7 '(log0), 7 ) 

a morphism of extended variations of Q-mixed Hodge complexes. Then 
the mixed cone ( Cm (cr(logO)), C(7(log0),7'(log0)), C(7, 7')) is an ex- 
tended variation of Q-mixed Hodge complex on A, where C(7(log0), 7'(log0)) 
andC(j,j') denote the morphisms induced by 7(log0),7'(log0) and by 
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Lemma 3.32. Let if(logO) be an extended pre-variation of Q- Hodge 
complex of weight m on A. Then we have the following properties: 

(3.32.1) H n (Gi F K(logO)) is a locally free O ^-module of finite rank 
for all n,p. 

(3.32.2) The canonical morphism 

H n (Gr p F K{logO)) <g> C(t) — > # n (Gr|,.K'(log 0) ® L C(t)) 
«s an isomorphism for all n,p and for every t G A. 

(3.32.3) The spectral sequence EP' q (K (logO), F) degenerate at Ex-terms, 
or equivalents, H n {Gr p F K(logO)) ~ Gr^# n (fs:(log0)) /or a// 

71, p. 

(3.32.4) TTie canonical morphism 

Gr p F H n {K{logO)) g> C(t) — ► Gr^ # n (if(log0) ® L C(t)) 
is an isomorphism for all n,p and for every t G A. 
Proof. We have isomorphisms 

H n (^ t K Q ) ~ H°^ t H n (K Q ) ~ r(H,7r- 1 i/ n (KQ)) 

for all n as in the proof of Lemma 13.271 Because /3 induces an isomor- 
phism ^.Kq (8) C ~ if (log 0) <g> L C(0) by the condition ( 13.29.6p . we have 
the equality 

dimH n (K(\ogO) ® L C(0)) = rank #"(7^) 

for all n. On the other hand, we have 

dim # n (ir (logO) ® L C(t)) = rank# n (K Q ) 

for any £ G A* by the condition ( 13.29.4j) . Therefore the function 

A9M dimiT^QogO) ® L C(t)) 

is constant for all n. Because the differential 

d(t) : (if(logO) (8) C(t)) p — )• (A-(logO) g) C(t)) p+1 

is strictly compatible with the filtration F(K(logO) £g> L C(t)) for all 
p and for every t G A by (13.29.41) together with Remark 13.211 and 
by ( 13.29.61) for iT(logO) = Gr^K(logO), we obtain the conclusions 
(13.32. ll) -f l3T32T3l) by Lemma E3][(b7)j We can easily obtain (I3.32.4j) by 
( I3.32.3j) . by (I3.32.2j) . and by the strict compatibility of the morphism 
d{t) with the filtration F(K(logO) ® L C(t)). D 

Lemma 3.33. Let (K(log0), W, F) be an extended pre-variation q 
mixed Hodge complex on A. Then we have the following properties 
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(3.33.1) The spectral sequence E^' q {K{\ogQ), W) degenerates at E 2 - 
terms. 

(3.33.2) Gi p F Gi^H n {K{\ogQ)) is a locally free O ^-module of finite 
rank for all m, n, p. 

(3.33.3) The spectral sequence EP' q (K(\ogO),F) degenerates at Ex- 
terms. 

(3.33.4) The canonical morphism 

{H n {K{log 0)), W, F) ® C(t) — ■> {H n {K{logO) ® L C(£)), W, F) 

is an isomorphism for all n and for every t G A. 

Proof. Because we have an isomorphism 

(tf(logO), W, F) ® L C(i) ~ (K , W, F) ® L C(t) 

for t G A* in the bifiltered derived category by (I3.29.4f) . the spectral 
sequence E™((K(logO), W) ® L C(£)) is isomorphic to E™((K 0} W) <g> 
C(t)) for all £ G A*. 

As pointed out in Remark I3T2TI (K a , W, F) ® L C(t) underlies a Q- 
mixed Hodge complex and 

H n {K ) <8> C(t) ~ H n {K ® L C(£)) 

as bifiltered objects for every t G A*. Therefore the spectral sequence 
E*!' q ((Ko, W)® L C{t)) degenerates at £ 2 -terms for every t G A*. More- 
over, we have 

E™((K , W) ® L C(£)) ~ Gi w p H p+ \K ® L C(t)) 

~GrW(HP+«(K )®C(t)) 
~ Gr^_iP+«(K ) <g> C(£) 



-p 

~Gr^i? p+9 (^Q)«)C(t) 

for every £ G A*. Therefore we have 

dimEf' ,? ((ir(logO), WQ ® L C(t)) = mnkGr w p H p+q {K^ 
which implies that the function 

A* 3 t i-> dim£f' 9 ((if(logO), WQ ® L C(£)) 
is constant for all p, g. 
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By fl3.29.fi!) . the spectral sequence E^ q {{K {log 0),W) ® L C(0)) de- 
generates at i? 2 -terms and the equalities 

dim E™{{K {log 0),W) ® L C(0)) 

= dim E™(ip t K Q ,W) 

= dimT(W,7r- 1 E%> q (K Q ,W)) 

= iankGi w p H p+q {K Q ) 

hold by Corollary 13.281 Therefore the function 

A 3 1 1->. dim E$\(K (logO), W) ® L C(t)) 

is constant for all p, g. 

We consider E^ ,q {K(\ogQ), W) with the filtration F rec . First we will 
prove 

(3.33.5) the morphism 

d r : E p ' q {K {log 0),W) —> E r p+r ' g - r+1 (ir(logO), W) 

is strictly compatible with the filtration F rec for all p, q and 
for r > 0. 

We have {E%> q {K {log 0), W), F TCC ) = {Gr w p K p+q {logO),F) by defini- 
tion. Because (Gr^i^(logO), F) underlies an extended pre- variation 
of Q-Hodge complex of weight —p, for all p, we obtain ( 13.33.51) for 
r = by ( 13.32.31) . By f l3.32.3j) again, we have 

Gr Fig E p t ' q {K{logO),W) ~ Gr k F HP +q {Gr w p K{logO)) 

~ iF +9 (Gr*Gr^lf(logO)), 

which is a locally free (9A-module of finite rank for all k,p, q by ( 13.32. ip . 
Thus {E'' q {K{logO), W), F) is a filtered perfect complex on A for all 
q, because W is a finite filtration. We have the canonical isomorphism 

Gr* rcc £f q {K{logO), W) ® L C{t) ~ G4 rcc ^((^(log0), W) ® L C(t)) 

for all k,p, q and for every t £ A by ( I3.32.4p . Then we have 

{El> q {K{logO),W),F TCC ) ® L C{t) 

~ (El' q {{K{\ogO),W) ® h Cit)),^ 

as filtered complexes for all q and for every t £ A. Therefore we have 

iP(£*' 9 (i<:(logO), W) ® L C(t)) ~ ^(^((^(logO), W) ® L C(t))) 

~ E p ' q {{K '(logO), W) ® L C(t)) 

for all p, g and for every £ £ A. Then the function 

A 3 t ^ dim H p {El' q {K {log 0),W) ® L C(t)) 



(3.33.6) 
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is constant, as we remarked above. 

Taking into account of Lemma I3.5l|(iv)| for the filtered perfect com- 
plex (El' 9 (K (log 0), W), -F rec ), we consider the complex 

(^(K(logO),^),F rec )® L C(t), 

which is isomorphic to 

(El> q ((K(logO),W) ® L C(t)),F Iec ) 

as filtered complexes for all t G A by (I 3.33.6J) . 

By 03.29.41) . (AT(logO), W, F)<g> L C(£) is isomorphic to (K , W, F)® L 
C(t) in the bifiltered derived category for every t E A*. Therefore the 
filtered complex (E? 9 ((K(logQ), W) <® L C(t)),F Tec ) is isomorphic to 
(El' q ((K , W) ® L C(£)), F rec ) for t G A*. Because (K , W, F) ® L C(t) 
underlies a Q-mixed Hodge complex for every t G A* as remarked 
above, (Ef' q ((K , W) <g> L C(t)), F rec ) underlies a Q-Hodge structure of 
weight q for all p, q and for every £ G A*. Therefore the morphism 
of £i-terms of the spectral sequence EP' q ((K , W) £g> L C(£)) is strictly 
compatible with the filtration F Tec for every £ G A*. Thus the morphism 

di{t) : E^iK [log 0),W) ® L C{t) ^ E\ +1 > q (K(\og®),W) ® L C{t) 

is strictly compatible with the filtration F rec for every t G A*. 

Because (K(logO), W 7 , F) <g> L C(0) is isomorphic to (A c ,W f ,F) in 
the bifiltered derived category by the condition (13.29.6j) . the spectral 
sequence EP>*((K(logO),W) ® L C(0)) is isomorphic to E™{A c ,W f ). 
Moreover (Ef' q (A c ,W^),F Tec ) underlies a Q-mixed Hodge structure 
and the morphism of i^-terms underlies a morphism of Q-mixed Hodge 
structures by \E2\ 6.1.8 Theoreme]. Therefore the morphism of E\- 
terms are strictly compatible with the filtration F rec , which implies 
that the morphism 

di(0) : Ff' 9 (iT(logO), W) ® L C(0) — »• E\ +1 ' q (K (\og$), W) ® L C(0) 

is strictly compatible with the filtration F rcc by using the isomorphism 
(I 3.33.6P for t — again. 

Thus Lemma I3.5l|(iv)| assures us that (I3.33.5j) is valid for r = 1, 
that H p (Gt f E*' 9 (K(logO), W)) is locally free, and that the canonical 
morphism 



fl*(Gi*^*(Jf(logO),W)) ® L C(£) 

— ► ^(Gr^Ji^'WlogO), W) ® L C(t))) 
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is an isomorphism for all k,p, q and for every t G A. Therefore we have 
the canonical isomorphisms 

Gr k Frcc E™(K(logO),W) ~ H*>{Gr Frec El'«{K{logO), W)) 

Gr k Fiec E™(K(logO), W) ® L C(£) ~ Gr k Fie E™{{K {log 0), W) ® L C(£)) 

for all p, q and for every t G A by the strict compatibility of d\ and 
d\(t) with the filtration F rec . We obtain the canonical identification 

{E™{K{\ogO),W),F tec )® L C{t) 

~ (£r((K(logO),^)® L C(£)),F re J 

as filtered objects for all p, g. By this identification, we can easily check 
that the morphism 

d r : E™(K(\ogO),W) — > ^ +r ' ? - r+1 (i^(logO), WQ 

is the zero morphism for all p, q and for r > 2, which implies the 
conclusion (I3.33.ip . Moreover, we obtain (I3.33.5p for all r > 0. 

Then we obtain (I3.33.3p by |D3l Proposition (7.2.8)]. Moreover, we 
have the canonical identification 

{E™{K(\ogO),W),F Iec ) ~ (Gr^iF+*(if(logO)),F) 

for all p, q by using the fact that E^' q {K {logO), W) degenerates at E 2 - 
terms. Thus we conclude that 

GT F GTZH n (K(logO)) ~ Gr Ficc E^ n+m (K(\ogO),W) 

is locally free of finite rank for all m,n,p and that the canonical mor- 
phism 

Gr F Gr%H n {K{\ogO)) ® C(t) — > Gt p f GtZ H n {K {log 0) ® L C(t)) 

is an isomorphism for all m,n,p and for every t E A. Then we obtain 

(JS3S3D- □ 

Remark 3.34. Now we remark the notation on the shift of increasing 
nitrations. We set 

W[m] k = W k _ m 
as in |D2j . [E2j . Our notation is different from the one in [CKSJ. 

Lemma 3.35. Let {{A Q , W f , W), {Ac, W f , W, F), a) be a filtered Q- 
mixed Hodge complex such that the spectral sequence E^' q {Ac, W^) de- 
generates at E2-terms, and v : Ac — > Ac a morphism of complexes 
preserving the filtration W* and satisfying the condition u{W m Ac) C 
W m _ 2 Ac for every m. If the filtration W[—m] on if n (Gr^ Ac) is the 
monodromy weight filtration of the endomorphism H n {Gr m v) for all 
m, n, then the filtration W on H n {Ac) is the relative weight monodromy 
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filtration of the endomorphism H n {y) with respect to the filtration W* 
for all n. 

Proof. The assumption implies that the morphism H p+q {Gi_ p v) k in- 
duces an isomorphism 

GrJ5*]fi* "(Ac, Wf) — ► GrJ^Ef* (A c , W') 

for all p, q and for k > because of the isomorphism E p ' q (Ac, W?) ~ 
i7 p+9 (Gr Ac). On the other hand, the ^-degeneracy for the filtra- 
tion W' gives us the isomorphism 

E™{A C7 W f )~Gr^H p+ «(A c ) 

for allp, q, under which the filtration W Tec on the left hand side coincides 
with the filtration W on the right hand side by |E2l 6.1.8 Theoreme]. 
Since the morphism d\ of .Ei-terms induces a morphism of mixed Hodge 
structures 

dt : (E%«(Ac,Wf),W\p + q],F) — ► (E p 1 +1 ' q (A C} W*), W[p + q + 1], F) 

for all p, q by |E2[ 6.1.8 Theoreme] again, the morphism (H p+q (i>)) k 
induces an isomorphism 

GiY + t +q] ^~pH p+q {A c ) — > Gr^^Gr^iF+^c) 
for p, g and for k > 0. Then we can easily check the conclusion. □ 

4. Variation of mixed Hodge structure of geometric 

origin 

In this section, we discuss variations of mixed Hodge structures aris- 
ing from mixed Hodge structures on compact support cohomology 
groups of quasi-projective varieties. We will check that those varia- 
tions of mixed Hodge structures are graded polarizable and admissible. 
These properties will play crucial roles in the subsequent sections. 

4.1. Let X and Y be complex manifolds and / : X — > Y a smooth 
morphism. We denote by F the stupid filtration on fix and flx/Y- The 
inclusion Q x — > Ox induces a morphism of complexes Qx — > &x/y- 
Then we obtain a morphism 



Rf*Qx -- > Rf*n 



X/Y 



which is denoted by (%x/y- 

The differential d : Cl x — > Q, x induces a morphism of C-sheaves 

d : n p x /(f*n 2 Y a n p - 2 ) — ► n p x +1 /(f*n Y a q^t 1 ) 
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for all p, where f*Vt Y A fi p x denotes the image of f*Q Y <g> Q p x in Q p x 2 
by the wedge product of differential forms. Thus we obtain a complex 
denoted by Q x /(f*Q Y A &x) equipped with the finite decreasing fil- 
tration F induced by the stupid filtration on Q x . We have an exact 
sequence 

o > f*n l Y ®n x/Y [-i] > n x /(/^AO x ) 

> &X/Y > 

as in |KO] . We can easily check that the exact sequence above defines 
a morphism 

(q X /y,f) — > {f*n\r®n x/Y ,F[-i]) 

in the filtered derived category of complexes of C-sheaves. By taking 
direct images, we obtain a morphism 

1x/ y ■■ (Rf*n x/Y ,F) — > (n\,®Rf m n x/Y ,F[-i]) 

in the filtered derived category of complexes of C-sheaves by using the 
adjunction formula. 

The next lemma is a reformulation of the well-known result for our 
purpose. 

Lemma 4.2. Let X and Y be complex manifolds and f : X — > Y a 
projective smooth morphism. Then 

((Rf*Q x , (Rf*n x/Y , F), a x/Y ) }lx/Y ) 
is a polarizable variation of 'Q- Hodge complex of weight on Y . 
Notation 4.3. In the situation above, we set 

K x/Y = (Rf*Q x , {RUSIx/y, F), a x/Y ) (4.3.1) 

which is a polarizable pre-variation of Q-Hodge complex of weight 0. 

Remark 4.4. The construction above is functorial in the following 
sense. Let 



X 1 - 


-*-► x 2 


h 






h 


\ 


r 


1 


/■ 



be a commutative diagram of morphisms of complex manifolds such 
that /i and f 2 are projective smooth morphisms. Then the canonical 
morphisms Rf 2 *Qx 2 — > RfuQxi and Rf 2 *Q X2 / Y — ► Rfi*Vt Xl/Y in- 
duces a morphism g* : (K X2 /y,Jx 2 /y) — > (K Xl / Y ^ Xl / Y ) of variation 
of Q-Hodge complexes. 
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Notation 4.5. For an augmented semi-simplicial variety / : X* — > 
Y, we say / is smooth, projective etc., if f q : X q — > Y is smooth, 
projective etc. for all q. 

Lemma 4.6. Let f : X* — > Y be a smooth projective augmented semi- 
simplicial complex variety. Moreover, we assume that Y is smooth. 
Then the data 

{Kx'/YtIX'/y) = {(Kxi/Y,lXi/Y)}q>0 

is a co- semi-simplicial polarizable variation of Q-Hodge complex of 
weight 0. Therefore 

((sK x . /Y , 5(L), F), sjx^/y) 
is a graded polarizable variation of Q-mixed Hodge complex on Y . 

Proof. We may change Rf q *Qxi (resp. (Rf q *£lxi/Y,F)) to the quasi- 
isomorphic one (resp. filtered quasi- isomorphic one) freely as in Remark 
I3.171 Therefore we conclude the former half by using Godement res- 
olution (or by other appropriate resolution) and by Lemma I4.21 The 
latter half is the consequence of Lemma I3.23I □ 

Remark 4.7. The construction above is compatible with base change 
in the following sense. Let / : X' — > Y be as in the lemma above and 
g : Z — > Y a morphism of complex manifolds. Then the fiber product 
fz '■ X* Xy Z — > Z is a smooth projective augmented semi-simplicial 
complex manifold, and the canonical morphism 



g^RfxQx- — ► Rtfz 



lX m X Y Z 



underlies a morphism of variation of Q-mixed Hodge complexes. 

Moreover the construction above is functorial in the following sense. 
Let / : X* — y Y and /' : X" — > Y be as in the lemma above. Let 
us assume that a commutative diagram of morphisms 

X" -^-> X' 

r 

Y Y 

are given. Then g, induces a morphism 

flC : {Kx'/YiIx'/y) — > (Kx"/y,Jx"/y) 
of co-semi-simplicial variations of Q-Hodge complexes. 

Definition 4.8. Let X, Y be smooth varieties, Z a simple normal 
crossing divisor on X and / : X — > Y a projective morphism. We 
denote by j : Z c — ^ X the canonical inclusion and by e : Z* — > Z 
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the Mayer- Vietoris semi-simplicial resolution of Z . We say that / : 
(X, Z) — > Y is smooth if / : X — > Y and fje : Z* — > Y are smooth 
morphisms. 

Lemma 4.9. Let X, Y, Z and f : X — > Y be as in Definition 14.81 

In addition, we assume f : (X, Z) — > Y is smooth. We regard 
Kx/y in (I 4.3. ip as a variation of Q-mixed Hodge complex by set- 
ting W-iKx/y — and WqKx/y — Kx/y- Then the morphism je : 
Z' — > X induces a morphism of variations of Q-mixed Hodge com- 
plexes (je)* : K x /y — ► K z . /Y . 
(i) The mixed cone 

K c { x, Z)/ y = C M {{jeT) 
equipped with the morphism 

1(X,Z)/Y '■ K(x,z)/y y ^y ® K{X,Z)/Y 

induced from the morphisms •yx/Y and s^x'/y is a graded polarlizable 
variation of Q-mixed Hodge complex on Y . 
(ii) The canonical morphism 

tiQx\z — ► Qx 

induces an isomorphism 

RUiQx\z[i] * (K c ix>z)/Y ) Q 

for the Q-structure of K? x Z \iy- 
(iii) The canonical morphism 

fi x/y (io g z) ® Ox(-z) —> n x/Y 

induces an isomorphism 

Rf*n x/Y (logZ) ® O x (-Z)[-p + 1] — ► Gi p F (Kl xz)/Y )o 
for all p. 

Proof. We easily obtain the first part by Lemma 13.241 
From the exact sequence 

> L,Q x \z ► Qx > j*Qz > 

we obtain the distinguished triangle 

RUiQx\z ► Rf*Qx ► R(fje)*Qz* - tL > 

by using the canonical isomorphism Q z — > £*Qz>- Thus the un- 
derlying Q-structure of K?xz)/y ls isomorphic to Rf*t\Qx\z[M in the 
derived category. 

We consider the subcomplex VLx/y (log Z)®Ox{— Z) of VL x /y equipped 
with the stupid filtration F. Since the composite of the inclusion 
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Qx/y (log Z)®0 x{— Z) c -i- flx/Y and the canonical morphism Qx/y — > 
j*s*Qz'/Y is the zero morphism, we obtain the morphism 

Rf.n x/Y (logZ) ® O x (-Z)[l] — ► (iT ( c XiZ)/y ) (4.9.1) 

which preserves the filtration F on the both sides. Because the sequence 
of the canonical morphism 

o ► n p x/Y (iogZ)®o x (-z) ► n p x — > j*e n p zo 

> i*EiVt p zl > 

is exact for all p, we can easily check that the morphism (I 4.9.11) is iso- 
morphism in the filtered derived category with respect to the filtration 
F. Therefore we have 

Rf*n p x/Y (\ogZ)®G x (-Z)[-p + l] 

~ Rf*GT* F n x/Y (logZ)®O x {-Z)[l] 

* Gr p F (K^ z)/Y ) 

for all p. □ 

Remark 4.10. The construction above is functorial in the follow- 
ing sense. Let X\,X 2 ,Y be complex manifolds, Zi, Z 2 reduced sim- 
ple normal crossing divisors on Xi,X 2 respectively, and /i : X\ — y 
Y, f 2 : X 2 — y Y projective smooth morphisms satisfying the condi- 
tions above. Moreover we assume that we have a morphism h : X± — y 
X 2 with the property h~ 1 (Z 2 ) = Zi, which commutes with the mor- 
phisms /i and f 2 . Then we obtain a (non-canonical) morphism of semi- 
simplicial varieties h, : Z* — y Z' which commutes with the morphism 
h. Therefore we have commutative diagrams 

Rf2*Qx 2 ► R92*Qz; Rf2*n X2 > Rg 2 *n z . 



RfuQx, > RguQz- Rfutoxx ► Rg2*^z- 

from which we obtain a morphism 

h * ■ K (X 2 ,Z 2 )/Y ► K {X u Zy)/Y 

of variations of Q-mixed Hodge complexes. 

Corollary 4.11. Let f : X* — y Y be a projective augmented semi- 
simplicial variety and Z* a semi-simplicial closed subspace of X* such 
that Z q is a simple normal crossing divisor on X q for all q. Moreover, 
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we assume that Y is smooth and that f : (X* } Z') — y Y is smooth. 
By setting 

K(X',Z')/Y — {^(Xi,Zi)/YJq>0 
1{X*,Z')/Y = {l(Xi,Zi)/Y}q>0, 

the data 

[K(X',Z*)/Yi 1(X',Z')/Y) 

is a co-semi-simplicial graded polarizable variation of 
complex on Y . Therefore 

(sK° x , tZ .y Y , S1(X',Z')/y) 

is a graded polarizable variation of Q-mixed Hodge complex on Y . 



-mixed Hodge 



Example 4.12. Let X be a simple normal crossing variety, D a sim- 
ple normal crossing divisor on X, and / : X — > Y a projective 
morphism. We denote by e : X* — > X the Mayer- Vietoris semi- 
simplicial resolution of X and by D* the divisor on X' defined by 
D q = e* q D on X q for all q. We assume that fe : (X',D 9 ) — y Y is 
smooth. By Corollary 14.111 above, we obtain a variation of Q-mixed 
Hodge complex (sK? x . D .y Y , sj? x . D ,y Y ) on ¥■> which we denote by 

\K{X,D)/Yi llx,D)/Y)- 

We have 

( K (x,d)/y)q = s ( K (X',d')/y)q - sRf.*U\Qx-\D-[±] ^ RUiQx\d[1] 
by using the isomorphism l\Qx\d — E*i>miQx 9 \D* i n the derived cate- 
gory. Therefore R k f*i\Qx\D underlies a variation of Q-mixed Hodge 
structure on Y for all k. We have 

Gr p F (0 Y ®R k UiQx\ D ) 

^Gr p F H k -\KZ XtD)/Y ) 

^ H k -\Gr F {Kl XtD)/Y ) ) 

(4 12 1) 
= H k - l (sGr F (KZ x . jD . )/Y ) ) 

~ H k -P(sRUn x . /Y (\ogD') ® O x .(-D-)) 

= R k - p fMn x . /Y (hgD') ® O x .(-D-)) 

for all k,p. In particular, we have 

Gi° f (O y <g> R k UiQ X \z) ^ R k f*s*O x .(-D') 

~R k UO x {-D) 

for all k, by using the isomorphism O x (—D) ~ e*0 X '(— D') in the 
derived category. Moreover, the isomorphism (I 4.12. ip is functorial. 
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4.13. From now on, we treat the case over the unit disc A for a while. 
We fix a coordinate function £ of A. The morphism of 0A- m odules 

Res :fti(logO)^£> A 

which sends dt/t to 1, is a lifting of the usual Poincare residue mor- 
phism. For any morphism cp : F — > Q A (logD) ® F, where J 7 is a 
sheaf, a complex, etc., Reso(y?) : F — > F denotes the composite of if 
and Reso <8> id. 

For example, for a log connection V : V — > fi A (logO) ® V, the 
morphism Res (V)(0) coincides with its residue in the usual sense. 

4.14. Now we review Steenbrink's results in |Stlj . |St2j for the later 
use. 

Let X be a smooth complex variety and / : X — > A a projective 
surjective morphism. We set X = J"" 1 (A*), D = / _1 (0) an d /o — 
f\x - We denote the open immersion X ^-» X by j x and the closed 
immersion D s- X by ij. We assume that D rc ^ is a simple normal 
crossing divisor on X and /o : X — )• A* is a smooth morphism. The 
stupid filtration on Vt x (log -D) and fix/A (log -D) are denoted by the 
same letter F as before. 

We set 

^x/A(logO) = Rf,n x/A QogD) 
equipped with the filtration F induced by the stupid filtration on 
^x/A^ogD). The identity map 

(K Xo/A *,F) — > (K x/A (logO),F)\ A * 

is denoted by (. 
An exact sequence 

► rO A (logO)«)O x/A (logD)[-l] ► fix(log^) 

► Q x/A (log D) ► 

gives us a morphism 

(n x/A (log D),F) — > (/* A (logO) g)Q x/A (log D),F[-1}) 

in the filtered derived category, which induces a morphism 

7v/A(logO) : (K x/A (\ogO),F) — ► (£4 (logO) ® # x/A (log0), F[-l]) 

in the filtered derived category. It is clear that 7x/A(log0)|A* coincides 
with 7x /A* as in Lemma [4.21 Thus we obtain a log connection 

# fc (7*/A(log0)) : R k f*tl x/A (logD) — > fi A (logO) ® R k f,n x/A (logD) 

whose restriction -ff fc (7x/A(log0))|A* coincides with the connection V 
given as in Lemma [4.21 
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On the other hand, we have the morphism 

Res (7x/A(log0)) : K x/A (\ogO) — > K x/A (\ogO) 
in the derived category. The morphism 
iy fe (Res (7x/A(logO)))(0) : 

R k f*n x/A (\ogD) <g) C(0) — )■ R k f*Q x/A (logD) <g> C(0) 

coincides with the residue Res (-£f fc (7x/A(log0)))(0) of the log connec- 
tion. 

Definition 4.15. In the situation above, we say that / is of unipotent 
monodromy, if R k fo*Q Xo is of unipotent monodromy around the origin 
for all k. 

The lemma below is a reformulation of results in |Stl} Section 4], 
|5t2l Section 2]. 

Lemma 4.16. Let f : X — > A be as above. Moreover, we assume 
that f is of unipotent monodromy. 
(i) There exist 

• a Q-mixed Hodge complex 

A x/A = (((A X/A ) Q , W), ((A x/A ) c , W, F),a), 

• a morphism 

P ■ MK*o/*)q — > ^x/A(logO) ® L C(0) 

in the derived category, and 

• a pair r\ = (rjQ, rjc) of an isomorphism 

r/Q : M K x /A*h — > (Ax/a)q 
in the derived category and an isomorphism 

Vc ■■ K x/A (\ogO) ® L C(0) — ■» ((A X/A ) C ,F) 
in the filtered derived category 
such that 

(K x/A (logO), K Xo/A *,A x/A , C, (3, V, 7x/A(logO)) 

is an extended variation of Q- Hodge complex of weight 0. 
(ii) There exists a morphism of complexes 

v ■ (A x / A )c — ► (A X / A )c 
such that the following properties are satisfied: 
(4.16.1) v{W m {A x/A ) c ) C W m . 2 {A x/A ) c for all m. 
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(4.16.2) W on H k ((A x /A)c) is the monodromy weight filtration for 
the nilpotent morphism H k (u) for all k. 

(4.16.3) We have a commutative diagram 

K x/A (\ogO) ® L C(0) -£-► (A x/A ) c 

Res ( 7 x/A(logO))(0) 

^x/A(logO)® L C(0) V {A X/A ) C 



in the derived category. 

(iii) All the data described above is functorial with respect to the 
morphism f : X — > A. 

Proof. We set Xoo =X x a*H and denote the projection X^ — > X 
by ix x and the projection X^ — > M by f^. We have the cartesian 
squares 

X n 



-^ X ^^ X ^ 



u 



H 



by definition. We set 



k 

->■ A* 



f 

-- A <- 



D 



{0} 



^7 = ix lR Uxir x )*Tr x 



as in (I 3.26. ip . Because / and /o are proper morphism, we have the 
canonical isomorphism 



^J oo* " 



RfooJ 



V -X s 



It Rf 0*Qx * njco*" X MX 

which induces an isomorphism 

MKx /#)q — ► i^RURtixKx^Qx^ * RT(D, ^ f Qx ) (4.16.4) 
in the derived category. In |Stlt Section 4], Steenbrink constructed 

• a cohomological Q-mixed Hodge complex 

A = ((A®,W),(A c ,W,F),a) 

on D, 

• a morphism 

fix ■ ipf Qx — » fix/A (logO) ® O d 
in the derived category 
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• a pair rjx = ((Vx)®, (vx)c) consisting of a morphism 
(Vx)® ■ i^fQxo — > A Q 
in the derived category and a morphism 

(Vx)c : (^/a (log D) ®O d ,F) — ► (A C ,F) 
of filtered complexes 
satisfying the following: 

(4.16.5) The morphism fix induces an isomorphism 

^/Qxo ® C = iP f C Xa —> Slx/AOogD) <g> C D 
in the derived category. 

(4.16.6) The diagram 

^/Qvo ^^ ^ 

Px 

tt x /A(logD)®0 D > A c 

vc 

is commutative in the derived category. 

(4.16.7) The morphism 

RT{D, ( V xh) : RT(D,i; f Qx Q ) — » i2r(D, A Q ) 

is an isomorphism in the derived category. 

Then the morphism 

RF(D, ( V x)c) : (^r(D,n x/D (lo gj D)®0 D ),F) — ► (f2T(£>,A c ),F) 

in the filtered derived category induces an isomorphism 

RT(D,n x/D QogD)®0 D ) -- > i?rp,i c ) 

in the derived category by forgetting the filtration F. 
We set 

A x/A = ((RT(D, Aq), W), (RT(D, A c ), W, F), RT(D, a)), 

which is a Q-mixed Hodge complex. We obtain an isomorphism 

Vq : i>t(Kx /fr)Q — > (A x /a)q 

by composing the isomorphism ipt(Kx /A*)Q — > R^{D,i/)fQx ) in 
(I 4.16.4J) and the isomorphism RT(D, (rjx)®)- Similarly we obtain a 
morphism 

Vc ■■ (K x/A (\ogO) ® L C(0),F) — )■ ((A x/ a)c,F) 
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by composing the canonical morphism 

(K x/A (logO)® L C(0),F) 

= (Rf*n x/A (\ogD) ® L C(0),F) (4.16.8) 

-► (RT(D, fi^Qog D) ® O d ), F) 

and the morphism KT(D, (r)x)c)- Because the canonical morphism 
(I 4.16.8J) induces an isomorphism in the derived category as proved in 
[Stlj (2.18) Theorem], the morphism rjc gives us an isomorphism in the 
derived category by forgetting the filtration F . Therefore we obtain the 
morphism 

P ■ MKx /a*)q — ► K x/A (\ogO) ® L C(0) 
which makes the diagram 

M K X /A*)q — ^ A Q 



P 



RT(D,a) 



^x/A(logO)® L C(0) y A c 

vc 



is commutative. 



Now (ii) is the consequence of |St H (5.9) Theorem] (cf. [Salt 4.2.5 



Remarque], (SNJ (5.2) Theorem], [HI (A.l)]). 



In order to prove (i) , it remains to prove that the morphism rjc is an 



isomorphism in the filtered derived category. 
Steenbrink proved that 

IP+*(Gt* f K x/a (}o S 0)) = R«f*n p x/A (logD) 

is a locally free 0A-module of finite rank for all p, q (see [St 2 1 (2.11) 
Theorem]). Therefore the spectral sequence E P ' q (K x / A (\ogD), F) de- 
generates at i?i-terms because the restriction 

E™(K x/A (logO),F)\ A * = E™(K Xo/A *,F) 
degenerates at Ex-terms. Thus we have 

Gr p F R n f*n x/A (logD) = Gi F H n (K x/A (\ogO)) 

~ H n (G^ F K x/A (logO)) 
~R n -rn p x/A (\ogD) 

for all n,p, which is a locally free OA-module of finite rank. On the 
other hand, the canonical morphism 

H n (Gi p F K x/A (hgO)) ® C(£) — ► H n (Gi p F (K x/A (logO) ® L C(£))) 
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is an isomorphism for all n,p and for every t G A by Lemma [33l(Ti) By 



using this isomorphism we can easily check that the spectral sequence 
E P ' q ((K x/A (\ogO), F)<g> L C(£)) degenerates at Ei-terms for every t £ A. 
Thus we have 

Gr F (R n f*Q x/A (logD)®C(0)) 

~G4iT/*O x/A (logL>)<g)C(0) 
= Gr F H n (K x/A (\ogO))®C(0) 
~ H n {G^ F K x/A {logO)) ®C(0) 

~#"(Gr£(K x/A (logO)® L C(0))) 
~Gr^"(ir x/A (logO)® L C(0)) 

for all n,p. Therefore it is sufficient to prove that the morphism rjc 
induces an isomorphism 

Gr F (R n f*n x/A (\ogD)®C(0))^Gr p F H n (D,A c ) (4.16.9) 

for all n, p. Since Gt^R 71 f*Q x / A (\og D) is locally free for all n, p, Corol- 
lary l6.2l below implies that the filtration F on R n f if VL x / A (\ogD) g)C(O) 
coincides with the filtration obtained by Schmid's nilpotent orbit the- 
orem [Scl (4.9)]. Then the data 

((H n i[> t (K Xo/A *) Q , W), (R n f*Q x/A (\ogD) ® C(0), ^ F), /3) 

is a Q-mixed Hodge structure by [Sc, (6.16) Theorem], where VF is 
the monodromy weight filtration of the logarithm of the monodromy 
automorphism. Because the filtration W on H n (D, Ac) coincides with 



the monodromy weight filtration as we already mentioned in (ii) , the 
morphism 

(R n f*n X /A(\ogD)®C(0),F) — > (H n (D,A c ),F) 

underlies a morphism of Q-mixed Hodge structures. Thus we obtain 
the isomorphism (I 4.16.9J) . 



Now the functoriality (iii) is clear from the construction in jStlj . D 



Lemma 4.17. Let f : X* — > A be a smooth projective augmented 
semi-simplicial complex variety. Moreover, we assume the following: 

(4.17.1) There exists a positive integer q such that X q = for all 

q> go- 

(4.17.2) f q : X q — ► A is smooth over A*. 

(4.17.3) The divisor / g ~ 1 (0) rc d is a simple normal crossing divisor on 
X q . 
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(4.17.4) / is of unipotent monodromy, that is, f q : X q — y A is of 
unipotent monodromy for all q. 

(i) The data 
{K x'/a (log 0),7 X ./a (logO)) = {(K X i/a (logO), 7X8/A (log 0))} q >o 

is a finite co-semi-simplicial extended variation of Q-Hodge complex 
of weight 0, whose underlying co-semi-simplicial Q-Hodge complex of 
weight is (K X '/a*,1x'/a*) given in Lemma WM 
(ii) The data 

((sK x . /A (\ogO),5(L),F),s lx . /A (\ogO)) 

is an extended variation of Q-mixed Hodge complex whose underly- 
ing variation of Q-mixed Hodge complex is (sK X '/ A *,s r Y X '/A*) given in 
Lemma 14.61 

(iii) For the limiting filtered Q-mixed Hodge complex 

A = ((Aq, Wf, W), (A c , Wf, W, F), a) 

of (sKx'/a-, s 1X'/a) } there exists a morphism of complexes 

v : A c — y A c 

satisfying the following properties: 

(4.17.5) v(WlA c ) C WlAc for allm. 

(4.17.6) u(W m Ac) C W m _ 2 Ac for allm. 

(4.17.7) The diagram 

stf x . /A (logO)®C(0) -£-> Ac 

Reso(s 7 xVA(logO))(0) 

s^ x . /A (logO)®C(0) y Ac 

vc 

commutes in the derived category. 

(4.17.8) The filtration W[— m] on H k [Gi m Ac) coincides with the 
monodromy weight filtration of the nilpotent endomorphism 
H k {Gi% f i/) for allk,m. 

(4.17.9) The filtration W on H k (Ac) coincides with the monodromy 
weight filtration of the nilpotent endomorphism H k (y) relative 
to the filtration W* for all k. 

(iv) These data are functorial with respect to f : X' — y A. 
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Here we note that the 



i, 



m, 



Proof. We obtain (i) by Lemma 14.161 

assumption (I4.17.ip implies that K x ./ A (\ogO) is finite. The second 

part (ii) is the consequence of Lemma 13.301 (ii) 

Let Ax'/a = {Ax<i/A}q>o be the limiting 
mixed Hodge complex of K x »/ A (\og0). Then the 



We proceed to prove 
co-semi-simplicial 
limiting filtered Q-mixed Hodge complex A is given by 



A = (sA x . / a,6(L),6(W,L),F) 
as in Lemma 13.301 For each q, we have morphisms of complexes 

v q : (v4x<7/a)c — > (A X q/A)c 

satisfying the conditions (J4.16.ip - (j4.16.3p . which form a morphism of 
co-semi-simplicial complex 

v, : (A x */a)c — > (A x */a)c 



(4.17.10) 



by the functoriality (iii) in Lemma 14.161 

Setting 

v = sv, : s(A x */a)c = A c — > A c = s(A x . /A ) c 

it is sufficient to prove that the morphism v satisfies the properties 
f l4.17.5p -f l4TlT9|) . The properties i/(W&Ac) C W£Ac and v{ W m A c ) C 
W m -2Ac are trivial by definition. The commutativity in (j4.17.7p is 
easy to see from Reso(s7x«/A(log0)) = sReso(7x*/A(k)gO)). 
Since the morphism 



GrZ f v : GZ'Ac 



Gr m A c 



coincides with the morphism z/_ m [m] under the identity 

(Gt%'Ac,W) = (Gr s ^s(A x . /A ) c ,S(W,L)) 

= ((A x - m/A ) c [m],W[m]) 



for all m. Thus we obtain (14.17.8j) . Then (I4.17.9p is a consequence of 
J KIT^f bv Lemma 13351 
The functoriality 



iv. 



is more or less trivial. 



□ 



Lemma 4.18. Let X be a smooth complex variety, Z a reduced simple 
normal crossing divisor on X and f : X — y A a projective morphism. 
We set D = / _1 (°); j ■ Z ^ X and e : Z' — y Z as before. We 
assume the following: 

(4.18.1) D Ted + Z is a reduced simple normal crossing divisor on X . 



(4.18.2) / : (X, Z) — y A is smooth over A*. 
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(4.18.3) / : (X,Z) — y A is of unipotent monodromy, that is, f : 
X — y A and fje : Z* — > A are of unipotent monodromy. 

Then the morphism je : Z* — y X induces a morphism 

(je)* : ^x/A(logO) — ► K z . /A (\ogO) 

of extended variation of Q-mixed Hodge complexes. 
(i) The mixed cone 

K c ix , z)/A (logO) = C M ((je)*) 

equipped with the morphism 7? x z y A (log 0) induced by 7x/A(log0) and 
1z'/a is an extended variation of Q-mixed Hodge complex on A. 
(ii) We denote by 

A = ((Aq, W*, W), (A c , Wf, W, F), a) 

the limiting filtered Q-mixed Hodge complex of K? x Z y A (logO). Then 
there exists a nilpotent morphism of complexes v : Ac — y Ac compat- 
ible with the filtration W^ , such that 

(4.18.4) the filtration W[—m] on H k (Gi m Ac) coincides with the mon- 
odromy weight filtration of the nilpotent endomorphism H k (Gi m v) 
for all k, m, and 

(4.18.5) the filtration W on H k (Ac) coincides with the monodromy 
weight filtration of the nilpotent endomorphism H k (v) relative 
to the filtration W^ . 

Proof. The first part is a consequence of Corollary 13.311 

We proceed to prove the second part. We denote by Ax/ a the limit- 
ing Q-mixed Hodge complex of K x /A^og0) and by A z »/a the limiting 
co-semi-simplicial filtered Q-mixed Hodge complex of K z »/ A (log 0). We 
regard A x /a as filtered Q-mixed Hodge complex by setting W^Ax/a — 
and Wq Ax/a = Ax/ a as usual. Then the limiting filtered Q-mixed 
Hodge complex A is given by the mixed cone A = Cm(A x /a — > 
sA Z '/a) by Corollary 13.311 Therefore we have 

{GtZ' A&W) = (GtZ-Mx/a)[1},W[1}) © (Gr% f sA z . /A ,W), 
which implies the equality 

(H k (Gr% f A c ),W) 

= {H k+ \G?Z-Mx/A)c),W[l]) © {H k {GZ f {sA z . /A )c\W) 

for all k, m. Thus we can easily obtain ( 14. 18.4ft . which implies (I4.18.5j) 
by Lemma [3.351 □ 
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Lemma 4.19. Let f : X* — > A be a projective augmented semi- 
simplicial complex variety and Z' a semi-simplicial closed subspace of 
X* such that Z q is a simple normal crossing divisor on X q for all q. 
We assume the following: 

(4.19.1) There exists a positive integer go such that X q = for all 

q> go- 

(4.19.2) f q : (X q , Z q ) — > A is smooth over A* for all q. 

(4.19.3) f ( 7 1 {0)rcd + Z q is a reduced simple normal crossing divisor on 
X q for all q. 

(4.19.4) / : (X',Z*) — > A is unipotent monodromy, that is, f q : 
(X q , Z q ) — > A is of unipotent monodromy for all q. 

(i) The data 

K(x;z')/aQ-<>&0) = {#(W*)/A( lo g°)}?>0 

equipped with 

7(X-,Z-)/A( lo g°) = {7(X^)/A( lo g°)}g>0 

is a co- semi-simplicial extended variation of Q-mixed Hodge complex 
on A. Therefore 

(sK c {x . z . )/A (\ogO), stf x . (Z . )/A (logO)) 

is an extended variation of Q-mixed Hodge complex on A. 

(ii) We denote by A = ((Aq, W f , W), (A c , W f , W, F), a) the limiting 
filtered Q-mixed Hodge complex of sK? x . z »\/ A i}og 0) . Then there exists 
a nilpotent endomorphism of complexes 

v : A c — ► A c 

compatible with the filtration W' , such that the filtration W on H k (Ac) 
coincides with the monodromy weight filtration of the nilpotent endo- 
morphism H k {v) relative to the filtration W* . 



Proof. The first part is the consequences of Lemma 13.301 
We denote by 



ii, 



A' = ((A' W f ,W),(A' c ,W f ,W,F), 



a: 



the limiting co-semi-simplicial filtered Q-mixed Hodge complex of K? x . z .w y (log0). 
Then we have 

{GrZ f A c ,W) = 0(Gr^[g],W/[-g]), 

9>0 
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for all m, which implies 

(H k (GT%'Ac),W) = ®{H k+ %GvZl q Al), W[-q\) 

for all k,m. Then ( 14. 18.4ft and Lemma 13.351 implies the second part as 
before. □ 

The following theorem is the main result of this section. Although it 
seems to follow from the theory of mixed Hodge modules by Morihiko 
Saito |Sa2] . we give here a detailed proof, because we need an explicit 
description of the Hodge filtration in Section [5j 

Theorem 4.20 (GPVMHS arising from mixed Hodge structures on 
compact support cohomology groups). Let X be a complex variety, 
Z C X a closed subvariety of X and f : X — y Y a projective surjec- 
tive morphism to a smooth complex variety Y . The open immersion 
X\Z <-)■ X is denoted by i. Then there exists a Zariski open dense sub- 
set Y of Y such that (R n f*i\Qx\z)\Y underlies an admissible graded 
polarizable variation of Q-mixed Hodge structure for every n. 

Proof. Without loss of generality, we may assume that all irreducible 
components of X and Z are dominant onto Y. 

We can take a cubical hyperresolution a : X* — y X such that X q 
is smooth for all q and that Z' = a^ 1 (Z) is a simple normal crossing 
divisor on X* (see e.g. jGNPPl (IV. 1.26) Theorem]). 

Here we remark that X* has finitely many irreducible components. 
We denote the semi-simplicial varieties associated to the cubical vari- 
eties X* by X* too by abuse of the language. Then we obtain a smooth 
projective augmented semi-simplicial variety a : X' — y X satisfying 
the following conditions: 

(4.20.1) there exists a positive integer q such that X q = for q > q . 

(4.20.2) X q is smooth for all q. 

(4.20.3) The morphisms a : X' — y X is of cohomological descent. 

(4.20.4) There exists a non-empty Zariski open subset Yq of Y such 
that the morphism 

f-a:(X%Z')-^Y 

is smooth over Y . 

We set f q = f -a q : X q — y Y, X = / _1 (*o) and X' = o -1 ^) and 
denote the induced morphisms X Q — y Y by the same letter / etc. by 
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abuse of the language. Here we replace the condition ( 14.20. 3D by the 
weaker condition that 

(4.20.5) the morphisms a : X' — y Xq is of cohomological descent, 

for the later use. 

First, we prove that (R k f*i\Qx\z)\Y = R f*i>iQx \z underlies a 
graded polarizable variation of Q-mixed Hodge structure for every k. 
Because a : X* — y Xq is of cohomological descent, we have the canon- 
ical isomorphism 

nQx \Zo -^ Ra^a' 1 nQx \Zo = Ra*i>»\Qxs\Z8 
by using the fact a~ 1 (Z) = Z*. Therefore we have 

Rf*kQx \z - R{f ■ a)*t,.\Qxs\zs = sRf.*uiQxs\z' 

by definition. Since Rf,*i,\Qx'\z' is isomorphic to (K? x . z >y Yo )®[~ 1] 
in the derived category, we have the isomorphism 

RU\Qxo\z - (sK c {x . tZ . )/Yo ) Q [-i] 

in the derived category. Therefore R k f*i\Qx \z Q underlies a graded 
polarizable variation of Q-mixed Hodge structure for all k by Corollary 

am 

Now we prove the admissibility. Because the graded polarizable vari- 
ation of Q-mixed Hodge structure constructed above commutes with 
the base change as in Remark 14.71 we may assume Y = A and Yq — A* . 

Our variation of graded polarizable Q-mixed Hodge structure has 
a Z-structure. Therefore, the quasi-unipotency of the monodromy 
around the origin is obvious by Remark 13.141 Thus we have the prop- 



erty fl3.12.ip in Definition EIH 



Once we know the quasi-unipotency of the monodromy, Lemma 1.9.1 
in [Ksj allows us to assume that the monodromy automorphism of our 
graded polarizable variation of Q-mixed Hodge structure is unipotent 
and that / : {X', Z*) — y A is of unipotent monodromy. Moreover 
we may assume that / _1 (0) re( j + Z* is a simple normal crossing divisor 
on smooth semi-simplicial complex variety X* . Here we remark that 
the condition (14.20.31) were destroyed but the condition (I4.20.5j) is still 
valid after these procedures. 

Now we can apply Lemma 14.191 and complete the proof. □ 

Remark 4.21. The graded polarizable variation of Q-mixed Hodge 
structure constructed in the theorem above is independent of the choice 
of the cubical hyperresolutions. We can prove the independence by the 
usual way (see e.g. jGNPPl 13.]). 
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5. Higher direct images of log canonical divisors 

This section is the main part of this paper. The following theorem is 
our main theorem (cf. |Kwl| Theorem 5], |Ko2t Theorem 2.6], |N1| The- 
orem 1], \F4\ Theorems 3.4 and 3.9], and |Kw3| Theorem 1.1]), which 
is a natural generalization of the Fujita-Kawamata semi-positivity the- 
orem for simple normal crossing pairs. For the notion of upper and 
lower canonical extensions, see |Ko2[ Section 2]. 

Theorem 5.1. Let (X, D) be a simple normal crossing pair such that D 
is reduced and let f : X — >■ Y be a projective surjective morphism onto 
a smooth algebraic variety Y. Assume that every stratum of (X,D) 
is dominant onto Y . Let S be a simple normal crossing divisor on Y 
such that every stratum of (X, D) is smooth over Yq = Y \ E. We put 
X = f~ l (X ), D = D\ Xo , /o = f\x , and d = dimX - dimY . Let 
l : X \ D Q — > X be the natural open immersion. Then we obtain 

(1) R k fo*i\Qx \D - R k (f\xo\D )\Qx \D underlies a graded polar- 
izable variation of Q-mixed Hodge structure on Y for every k. 
Moreover, it is admissible. 

We put n^ = R k fo*i\Qx \D ® Oy for every k. Let 

■ ■ • c F p+1 {U k YQ ) c F>(H k Yo ) c F>-\U^) c • • • 

be the Hodge filtration. We assume that all the local monodromies on 
R d ~~ % fo*i'\Q.x \D around S are unipotent. Then we obtain 

(2) R d ~ l f *0 x{— D) is isomorphic to the canonical extension of 

We denote it by Gr^(Hy _i ). In particular, R^ f*O x (-D) is 
locally free. 

By the Grothendieck duality, we obtain 

(3) R b f^ux/Y{D) is isomorphic to the canonical extension of 

Gv° F (n Y ;r = Hom OYQ {GT F {U d yj,0 Yo ). 

Thus, Rtf^x/riD) ~ Gr^Hy^)*. In particular, R i f^x/ Y {D) 
is locally free. 

(4) We further assume that Y is complete. Then R l f*ux/Y{D) is 
semi-positive. For details of semi-positive locally free sheaves 
{cf. Definition I6.2ip . see Section [6] below. 

Even the following very special case of Theorem 15.11 has never been 
checked before. We note that it does not follow from |Kw3l Theorem 
1.1] (see 15.61 below). 
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Corollary 5.2. Let f : X — >■ Y be a projective morphism from a simple 
normal crossing variety X to a smooth complete algebraic variety Y . 
Assume that every stratum of X is smooth over Y . Then R l f*Ux/Y is 
a semi-positive locally free sheaf for every i. 



It is natural to prove Theorem 15. 3[ which is a slight generalization 
of (2) and (3) in Theorem 15. 1[ simultaneously with Theorem 15. 11 



Theorem 5.3 (cf. |Ko2t Theorem 2.6]). We use the same notation 
and assumptions as in Theorem 15.11 We do not assume that the local 
monodromies on R d ~ l fo*i\Q.x \D around X are unipotent. Then we 
obtain the following properties. 

(a) R d ~ l f*Ox{—D) is isomorphic to the lower canonical extension 
of 

GvUU d ^)=F\U d 7*)/7\U d 7% 

In particular, R d ~ t f if Ox{—D) is locally free. 
By the Grothendieck duality, we obtain 

(b) R l f*uix/Y{D) is isomorphic to the upper canonical extension of 

Gv° F (n^r = Uomo Yo (Gr° F (Hy-%Oy ), 

In particular, R} f*OJx/v{D) is locally free. 

Let us start the proof of Theorem 15.11 and Theorem 15.31 

Proof of Theorem 15.11 and Theorem 15.31 The statement (1) in Theo- 
rem [5J] follows from Theorem 14. 201 and the arguments in Section HI We 
note that (4) in Theorem 15. II follows from Theorem 16.211 and Corollary 
16.231 below by (3) in Theorem 15. II By [BiP, Theorem 1.2] and Lemma 
17.21 we may assume that Supp(/*£ U D) is a simple normal crossing 
divisor on X. 

In Step [T] and Step[2J we prove (2) and (3) in Theorem 15.11 for every 
i under the assumption that all the local monodromies around £ are 
unipotent (cf. Definition 14.151 and (4.19.4) in Lemma 14.191) . The ar- 
guments in Step [1] and Step [2] are essentially the same as Nakayama's 
(cf. [Nit Proof of Theorem 1] and |F4l Section 3]). In Step [3] and Step 
IH we prove Theorem I5.3| which contains (2) and (3) in Theorem 15.11 

From now on, we assume that all the local monodromies on all the 
local systems around £ are unipotent (cf. Definition 14.151 and (4.19.4) 
in Lemma 14. 19j) . 

Step 1 (The case when dimF = 1). By shrinking Y, we may as- 
sume that Y is the unit disc A in C and E = {0} in A. In Example 
I4.12[ by replacing K? x , >D ,y Y wrtn -ft^.^.^yQogO) (cf. Lemma |4~T9]) . 
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we obtain that R t f if O x (—D) is isomorphic to the canonical exten- 
sion of Gr^('Hy o ~ t ) for every i. Therefore, we obtain R l f*u x /y(D) — 
Gr^("Hy~ 4 )* for every i by the Grothendieck duality. 

Step 2 (The case when / := dimF > 2). We shall prove the statement 
(3) by induction on I for every i. 

By StepCQ, there is an open subset Y 1 of Y such that codim(Y\Yi) > 2 
and that 

&f*u x/ Y(D)\ Yl ~Gr Q F {W!r i y\ Yl . 

Since Gr^(Hy~*)* is locally free, we obtain a homomorphism 



<p Y : R l f*ou x/Y (D) -+ Gr F (U 



d—i\* 
Y ) ■ 



We will prove that ip Y is an isomorphism. Without loss of generality, 
we may assume that X and Y are quasi-projective by shrinking Y, By 
Theorem 17.31 (i). R l f*u}x/y(D) is torsion-free. Therefore, Ker<^ y = 0. 
We put Gy '■— Coker^y. Taking a general hyperplane cut, we see 
that SuppGy is a finite set by the induction hypothesis. Assume that 
Gy 7^ 0. We may also assume that SuppGy = {P} by shrinking Y. 
Let ii : W — > Y be the blowing up at P and set E = fj,~ 1 (P). Then 
E ~ P*- 1 . By [EM Theorem 1.5] and [BlPl Theorem 1.2], we can take 
a projective birational morphism it : X' — > X from a simple normal 
crossing variety X' with the following properties: 

(i) the composition X' — > X — y Y --* W is & morphism. 
(ii) 7T is an isomorphism over X . 

(iii) Exc(7r) and Exc(7r) U D' are simple normal crossing divisors on 
X', where D' is the strict transform of D. 

We obtain that R q f :¥ u x /Y(D) ~ R g (f o tt)^u X '/ y (D') for every q be- 
cause Rti*u x >(D') ~ (jj x {D) in the derived category of coherent sheaves 
on X by Lemma [7.21 We note that every stratum of (X', D') is domi- 
nant onto Y. We also note the following commutative diagram. 

X' — =-»• X 



9 

W ) Y 



f 



By replacing (X,D) with (X',D'), we may assume that there is a 
morphism g : X — > W such that f = fio g. Since g : X -^ W is in the 
same situation as /, we obtain the exact sequence: 

-> R l g*u x/W (D) -)■ Gv F (np)* -> G^ -► 0. 
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Tensoring Oy/iyE) for < v < I — 1 and applying ffl n* for j > to 
each z/, we have a exact sequence 

-► /i*(G^ ® O w {yE)) -+ R l ^{R i g< f u x /w{D) ® O w {vE)) 

-» r 1 ^{Gi^-upy ® CV(z/£)) -»• 

and Ri^iR'g^x/wiD) ® w (i/£)) ~ R q ^{Gi F {HpY <g> CV(i/£)) 
for g > 2. 

By [Kw2l Proposition 1], Gr^ft^*)* ~ /^Gr^H^)*. We have 

^(gtKh^t ® o w {ve)) ~ Gviinpy 

and 

R«H*(Gr° F (Hpr ® 0^(^)) = 

for g > 1. Therefore, B?^{B*g^ X /wiP) ® O w {yE)) = for g > 2 
and 

->• ^(Rig^ux/wiD) ® CV(v-B)) -»• V*(Gr F (Up)* ® CV(zaE)) 
->■ MGjy ® O w (i/S)) -> R 1 ^{R i g^ x /w{D) ® G w {vE)) -» 

is exact. Since w^y = /i*u;y <E>CV((Z — l)^), we have a spectral sequence 

£ 2 M = R?ti*(R q g*uJx/w(D) ® CV((/ - 1)£)) =* tt**fa x/Y {D). 

However, .E^' 9 = for p > 2 by the above argument. Thus 

-)• R 1 ^R i - l g*uo x /Y{D) -)• R l f*Lu x /Y(D) 
-)• f jL m (&g*u x/w {D) ® O w ((l - 1)E)) -)• 0. 

By Theorem 17.31 (i). R l f^ux/Y^D) is torsion-free. So, we obtain 

R 1 H*R i ~ l g*ux/Y{D) = 0. 

Therefore, for g > 1, we obtain 

(a) R i f^ x / Y {D) ~ (i,{B*g*w X /w(D) ® CV((Z - 1)£)) and 

(b) Ri^R'g^x/wiD) ® £V((2 - 1)£)) = 0. 

Next, we shall consider the following commutative diagram. 



VMHS AND SEMI-POSITIVITY 57 





I I 

R i g*ou x/w (D)®O w ((l-2)E) ->• &g,w x/w (D) ® O w {{l - l)E) 

1 I 

GT F (n d wT ® o w ((i - 2)e) -). GT° F (n d wT ® o w ((i - i)e) 

I I 

I I 



By applying //*, we have the next commutative diagram. 



1 I 
H*{R l g*u x /w{D)®O w {{l-2)E)) ->■ n.{Kg.u X /w{p) ® O w {{l - l)E)) 

I I 

Gi F {n d Y - i y ~ GT F (H d y i y 

I l 

//*(GW ® CW((i - 2)£)) -> ^(CV ® O w ((Z - 1)£)) 

I 




By (a) and (b), G J y ~ ^(^V <g> O w ((Z - 1)F)) and 

^(GV ® O w ((l - 2)E)) -> ^(GV ® CV((f - 1)£)) 

is surjective. Since dim SuppG^ = and E fl SuppG^/ 7^ 0, it fol- 
lows that G l w = by Nakayama's lemma. Therefore, G l Y = 0. This 
implies R i f^ x /Y{D) ~ Gr£(?4 _ T- By the Grothendieck duality 
R d - l Wx(-D) ~ Gi F {H d y l ). 

From now on, we treat the general case, that is, we do not assume 
that local monodromies are unipotent. 

Step 3. In this step, we prove the local freeness of R l f*u)x/Y{D) for 
every i. We use the unipotent reduction with respect to all the lo- 
cal systems after shrinking Y suitably. Then we obtain the following 
commutative diagram: 

X ^— X' ^— X 

f f f 

Y < Y' Y', 

T 

which satisfies the following properties. 
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(i) r : Y' — > Y is a finite Kummer covering from a nonsingular 
variety Y' and r ramifies only along S. 

(ii) /' : X' -> Y' is the base change of / : X -> Y by r over F \ E. 

(iii) (X', a*/}) is a semi divisorial log terminal pair in the sense of 
Kollar (cf. [ELI Definition 4.1] and [KoSl Chapter 4]). Let X j 
be any irreducible component of X. Then Xj = a~ l (Xj) is the 
normalization of the base change of Xj — > Y by r : Y' — > Y 
and X' = M . Xj. We note that Xj is a V- manifold for every j. 
More precisely, X' is toroidal for every j. 

(iv) (3 is a projective birational morphism from a simple normal 
crossing variety X and .D and D U Exc(/3) are simple normal 
crossing divisors on X, where D is the strict transform of a*D 
(cf. |BiM| Theorem 1.5] and [BiP, Theorem 1.2]). We may 
further assume that (3 is an isomorphism over the Zariski open 
set U of X', where U is the largest Zariski open set such that 
(X', a*D) is a simple normal crossing pair. 

(v) / : X — )■ Y', D, and r _1 S satisfy the conditions and assump- 
tions in Theorem 15.11 and all the local monodromies on all the 
local systems around t _1 £ are unipotent (cf. Definition 14.151 
and (4.19.4) in Lemma HJTHJ) . 

Therefore, R l f^u^(D) is locally free by Step [T] and Step [2J On the 
other hand, we can prove 

BFf.Ux{D)~B?flu x ,(a*D) 

for every p > 0. We note that 

if- + D = f3*(K x , + a*D) + F 

where F is /^-exceptional, F is permissible on X, SuppF is a simple 
normal crossing divisor on X, and r F~ l is effective. Thus we obtain 
that (3*u x (D) ~ u X '{a*D) and that R q f3 if uj x (D) = for every q > 
by Lemma [7.11 Thus, R l f^ux'{o£*D) is locally free for every i. Since 
R l f*uJx(D) is a direct summand of 

we obtain that R l f*ujx(D) is locally free, equivalently, R l f*ux/Y{D) 
is locally free for every z. We note that, by the Grothendieck duality, 
R d ~ l f Jf Ox{—D) is also locally free for every i. 

Step 4. In this last step, we prove that R d ~ l f*Ox(—D) is the lower 
canonical extension for every i. By the Grothendieck duality and Step 
El R d ~%0 X (-D) is locally free. By Step El we obtain Rf3^co x (D) ~ 
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u>x'(o!*D) in the derived category of coherent sheaves on X'. Therefore, 
we obtain 

Rp*O x (-D) ~ RHom(R/3*u x (D),u x ,) 

~ KHom{u x ,{a*D),u x ,) ~ O x >(-a*D) 

in the derived category of coherent sheaves on X'. Note that X' is 
Cohen-Macaulay (cf. [F141 Theorem 4.2]) and that u x , ~ ou X ' [dim X'\ . 
Thus, we have 

R P lO x {-D) ~ R p f:O x ,(-a*D) 

for every p. Let G be the Galois group of r : Y 7 — > Y. Then we have 

{nR?flO x ,{-a*D)) G ~ B?f.(a.O x ,(-a*D)) G ~ R p f*O x (-D). 

Thus, we obtain that R d ~ l f*Ox{—D) is the lower canonical extension 
for every i. By the Grothendieck duality, R l f^ux/y(D) is the upper 
canonical extension for every z. 

We finish the proof of Theorem 15.11 and Theorem 15.31 □ 

Remark 5.4. Note that the definition of semi divisor ial log terminal 
pairs in |F1| Definition 1.1] is different from the one in [Ko5l Chapter 
4] (cf. [Fill Definition 4.1]). 

The following theorem is a generalization of |Kolt Proposition 7.6]. 

Theorem 5.5. Let f : X — >■ Y be a projective surjective morphism 
from a simple normal crossing variety to a smooth algebraic variety Y 
with connected fibers. Assume that every stratum of X is dominant 
onto Y . Then R d f*u x ~ uy where d = dimX — dim Y. 

Proof. By |BiMt Theorem 1.5] and |BiPl Theorem 1.2], we can con- 
struct a commutative diagram 

V -^ X 



W ► Y 

p 

with the following properties. 

(i) p : W — y Y is a projective birational morphism from a smooth 

quasi-projective variety W. 
(ii) V is a simple normal crossing variety. 

(iii) 7r is projective birational and it induces an isomorphism tt° = 
7r|yo : V° — > X° where X° (resp. V^ ) is a Zariski open set of X 
(resp. V) which contains the generic point of any stratum of X 
(resp. V). 
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(iv) g is projective. 

(v) there is a simple normal crossing divisor £ on W such that 
every stratum of V is smooth over W \H. 

We note that R J g*u)v is locally free for every j by Theorem 15.31 By 
the Grothendieck duality, we have 

Rg*O v ~ KHom 0w {Rg*Uv,Uw)- 

Therefore, we have 

O w ~ 1-Lom 0w (R d g if u v ,u w ). 

Note that, by Zariski's main theorem, g*Oy ~ Ow since every stratum 
of V is dominant onto W. Thus, we obtain R d g*u)v — %. By applying 
p*, we have p*R d g*uv — P*ujw — wy- We note that p*R d g*uv — 
R d {p ° 5 , )*^y since R l p if R d g if ujy = for every z > (cf. Theorem 17.31 
(ii)). On the other hand, 

R d (p o g )^v ^ R d (f o ir)^ v ~ R d hu x 

since R l n^uiv = for every z > by Lemma 17.11 and tc*ujv — Wi 
(cf. Lemma [7. 2p . Therefore, we obtain R d f ir ux — wy- D 



We explain a difference between our formulation of Theorems 15.11 
and 15.31 and Kawamata's (cf. |Kw3| Theorem 1.1]). 

5.6 (Connectedness of fibers). In geometric applications, we sometimes 
have a projective surjective morphism / : X — > Y from a simple normal 
crossing variety to a smooth variety Y with connected fibers such that 
every stratum of X is mapped onto Y. The example below shows that 
in general there is no stratum S of X such that general fibers of S — > Y 
are connected. Therefore, Kawamata's result ( |Kw3| Theorem 1.1]) is 
very restrictive. He assumes that S — > Y has connected fibers for every 
stratum S of X. 

Example 5.7. We consider W = P 1 x P 1 x P 1 . Let p t : P 1 x P 1 x P 1 -» 
P 1 be the z'-th projection for i = 1,2, 3. We take general members 
Xi G \plO v i{l) ® p* 2 O w i(2)\ and X 2 e |^O p i(1) «) ^O p i(2)|. We 
define X = X 1 U X 2 , Y = P 1 , and / = px\ x : X -> Y. Then / is 
a projective morphism from a simple normal crossing variety X to a 
smooth projective curve Y. We can directly check that 

H\W, O w (-X 1 )) = H\W, O w (-X 2 )) = 

and 

H\W, O w (-X l - X 2 )) = H 2 (W, O w {-X x - X 2 )) = 0. 
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Therefore, by using 

-> O w (-X 1 - X 2 ) -> O w (-X 2 ) -> o Xl (-x 2 ) -> 0, 

we obtain fl^Xi, Xl (-A 2 )) = 0. By using 

-> Xl (-^2) -»> C? Xl ->• Xin i 2 -> 0, 

we obtain #°(Xi nX 2 ,C Xin x 2 ) = C since H°(X u O Xl ) = C. This 
means that C = X\ (1 X 2 is a smooth connected curve. Therefore, 
every stratum of X is mapped onto Y by /. We note that general 
fibers of / : X\ — > Y, f : X 2 — > Y, and / : C — )■ F are disconnected. 



As a special case of Theorem 15.11 we obtain the following theorem 
(cf. jKwTl Theorem 5], [Kw2l Theorem 2], jKo2l Theorem 2.6], [NTT 
Theorem 1]). 

Theorem 5.8. Let f : X —$■ Y be a projective morphism between 
smooth complete algebraic varieties which satisfies the following condi- 
tions: 

(i) There is a Zariski open subset Y of Y such that S = Y \ Y is 

a simple normal crossing divisor on Y . 
(ii) We put Xq = /~ 1 (F ) and f = f\x - Then f is smooth. 
(iii) The local momodromies of R d+l fo*Cx around S are unipotent, 
where d = dimX — dimF. 

Then R l f*ujx/Y is a semi-positive locally free sheaf on Y . 

Proof. By the Poincare-Verdier duality (see, for example, [PS} Theo- 
rem 13.9]), R d ~ l /o*Cx is the dual local system of R d+l fo*Cx - There- 
fore, the local monodromies of R d ~ l fo*Cx around S are unipotent. 
Thus, by Theorem I5.1J we obtain that R l f*ux/Y — (R d ~ l f*Ox)* is a 
semi-positive locally free sheaf on Y. □ 

Similarly, the semi-positivity theorem in [F4j (cf. |F4l Theorem 3.9]) 
can be recovered by Theorem 15.11 . We note that [Kw3l Theorem 1.1] 
does not cover [F41 Theorem 3.9]. It is because Kawamata's theorem 
needs that S — > Y has connected fibers for every stratum S of (X, D) 

(cf.EE). 

Remark 5.9. Theorem 15.81 was first proved by Kawamata (cf. |Kwl[ 
Theorem 5]) with the extra assumptions that i — and that / has con- 
nected fibers. The above statement is a combination of [Kw2[ Theorem 
2] with [Ko2l Theorem 2.6] or [NTJ Theorem 1]. 

Remark 5.10. Let / : X — > Y be a projective morphism between 
smooth projective varieties. Assume that there exists a simple normal 
crossing divisor S on Y such that / is smooth over Y \ E. Then 
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R l f*ux/Y is locally free for every i (cf. Theorem 15.31 and |Ko2| Theorem 
2.6]). We note that R l f*0Jx/Y is not always semi-positive if we assume 
nothing on monodromies around S. 

We close this section with an easy example. 

Example 5.11 (Double cover). We consider tt : Y = P P i(Opi © 
C P i(2)) ->■ P 1 . Let E and G be the sections of vr such that E 2 = -2 
and G 2 = 2. We note that E + IF ~ G where F is a fiber of ir. We 
put C = O y {E + F). Then £ + Ge \C® 2 \. Let / : X ->■ F be the 
double cover constructed by i? + G G |£® 2 |. Then / : X -> F is etale 
outside T, = E + G and 

In this case, f*ux/Y is not semi-positive since C-E = — 1. We note that 
the local monodromies on /o*Cx around £ are not unipotent, where 
F = F \ E, X = f-\Y ), and / = /U - 

In Example 15. 1H / : X — > Y is finite and the general fibers of / are 
disconnected. In Section [HI we discuss an example / : X — >• F whose 
general fibers are elliptic curves such that f*uix/Y is not semi-positive 
(cf . Corollary 18.101 and Example 18. 16[) . 

6. Semi-positivity theorem 

In this section, we discuss a purely Hodge theoretic aspect of the 
Fujita-Kawamata semi-positivity theorem (cf. |Kwl| §4 Semi-positivity]). 
Our formulation is different from Kawamata's original one but is indis- 
pensable for our main theorem: Theorem 15 .11 (4). For related topics, see 
[Mo| Section 5], |F5l Section 5], [F41 3.2. Semi-positivity theorem], and 
[Ko4, 8.10]. We use the theory of logarithmic integrable connections. 
For the basic properties and results on logarithmic integrable connec- 
tions, see [Dlj . [Ktj . and |Bo| IV. Regular connections, after Deligne] 
by Bernard Malgrange. 

We start with easy observations. 

Lemma 6.1. Let X be a complex manifold, U a dense open subset 
of X and V a locally free Ox -module of finite rank. Assume that two 
O x-submodules T and Q satisfy the following conditions: 

(6.1.1) Q andV J Q are locally free Ox-modules of finite rank. 

(6.1.2) JF\u = g\u. 

Then we have the inclusion T ' G Q on X . 

Corollary 6.2. Let X , U and V be as above. Two finite decreasing 
filtrations F and GonV satisfy the following conditions: 
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• GyqV is a locally free Ox -module of finite rank for every p. 

• F p V \u = G p V \u for every p. 

Then we have F P V C G P V on X for every p. In particular, F p V = 
G P V for every p, if, in addition, Gr^,V is locally free of finite rank for 
every p. 

6.3. Let X be a complex manifold and D = ^2 ieI Di a simple normal 
crossing divisor on X, where Di is a smooth irreducible divisor on X 
for every i E I. We set 

for any subset J. Note that .0(0) = X and D% = by definition. 
Moreover we set D(J)* = D(J) \ D(J) H £>/\j for J C i. For the case 
of J = 0, we set X* = £>(0)* = X\D. 

Let V be a locally free (9x-module of finite rank and 

V: V—>n 1 x (logD)®V 

a logarithmic integrable connection on V. We denote by 
Res A (V) :0 D .®V—>0 Di ®V 

the residue of V along D^. We assume the following condition through- 
out this section: 

(6.3.1) Res A (V) : O d . ®V — > Di <g> V is nilpotent for every i e I. 

This is equivalent to the condition that the local system Ker(V)|x* is 
of unipotent monodromy. 

6.4. In the situation above, we denote the morphism 

id <g> Res A (V) : O d(j) <g> V — ► O d(j) <g> V 

by iVj j £)( n for a subset J of i and for i £ J. We simply denote by JVj 
if there is no danger of confusion. We have 

for every i,j G J. For two subsets J, if of i with if C J, we set 
Nr,d(j) = Yli^K Ni,D{j), which is nilpotent by the assumption above. 
Once a subset J is fixed, we use the symbols Nk for short. We have the 
monodromy weight filtration W(K) on Od(.j)®V which is characterized 
by the condition that N^ induces an isomorphism 

G^ K \0 D{J) ®V)^ Gr w i K \0 D(J) ® V) 

for all q > 0. For if = 0, W(0) is trivial, that is, W{$)-iO D(J) ® V = 
and W"(0) o Cd(j) ® V = C D(J) <g> V. 
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For the case of J = K, we set 

P k (J) = Ker(N k j +l : Gt^ J \O d{j) ® V) — ► Gr^(O c(J) ® V)) 

for every non-negative integer k, which is called the primitive part of 
Gr fc (Od(j) <8> V) with respect to Nj. Then we have the primitive 
decomposition 

G^ J \0 D{J) ®V)= N l j(V k+2l (J)) 

£>max(0,— k) 

for every k, and ^j induces an isomorphism 

V k+2 i(J) —> N l j(V k+2 i(J)) 
for every k, I with > max(0, —k). 

Lemma 6.5. In the situation above, Gr fc {Odu) ® V) «s a locally 
free Odu) -module of finite rank for every k and for every subsets J,K 
of I with K C J. 

Proof. Easy by the local description of logarithmic integrable connec- 
tion (see e.g. Deligne [E], Katz [Kt]). □ 

Corollary 6.6. In the situation above, we fix a subset J of I . For any 

subset K of J we have the equality 

W(K) = W(N K (x)) 

on V(x) = V <8>C(o;) for every point x G D(J), where the left hand side 
denotes the filtration on V(x) induced by W(K). 

Remark 6.7. Let (Vi, Vi) and (V2, V2) be pairs of locally free sheaves 
of Ox-modules of finite rank and integrable logarithmic connections on 
them. We assume that they satisfy the condition in 16.31 If the mor- 
phism (p : Vi — > V2 of Cx-modules is compatible with the connections 
Vi and V2, then the diagram 

o D{J) ® v, ^^> o D{J) ® v 2 



N 



i,D(J) 



N i,D(J) 



D{J) ® Vi — > o D{J) ® v 2 

is commutative for every subset J of J and for every i G J . Therefore 
id(8>v preserves the filtration W(K) for every K C J. 

6.8. Let m be an integer. For a finite decreasing filtration F on V, we 
consider the following condition: 
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(mMH) The triple 

(V(x),W(J)[m},F) 

underlies an M-mixed Hodge structure for any subset J oi I and 
for any point x G D(J)*. 

Here we remark that we do not assume the local freeness of Gr^ V at 
the beginning. 



The following lemma is the counterpart of Schmid's results in [Scj . 

Lemma 6.9. Let U be an open subset of X \D, such that X \U is 
nowhere dense analytic subspace of X . Moreover, we are given a finite 
decreasing filtration F on V \u- If (V \u, F, V) underlies a polarizable 
variation of ^-Hodge structure of weight m on U, then there exists a 
finite decreasing filtration F on V satisfying the following three condi- 
tions: 

(1) F p V \u — F p V \u for every p. 

(2) Gr~V is a locally free Ox -module of finite rank for every p. 



(3) F satisfies the condition (mMH) in 16.81 
Proof. See [Scj. □ 



Lemma 6.10. Let U be as above, and F a finite decreasing filtration 
on V in the situation 16.31 We assume that (V,F,V)\u underlies a 
polarizable variation of W-Hodge structure of weight m on U. Then 
Gr^V is locally free of finite rank for every p if and only if F satisfies 
the condition (mMH) in 16.81 



Proof. By the lemma above, there exists a finite decreasing filtration F 
on V satisfying the three conditions above. By Corollary I6.2[ the local 
freeness of Gr^, V for every p is equivalent to the equality F p V = F p V 
for every p. If F = F on V, F satisfies the condition (mMH) by 
the lemma above. Thus it suffices to prove the equality F = F on 
V under the assumption that F satisfies the condition (mMH). By 
Corollary 16.21 again, we have F p V C F p V for every p. On the other 
hand, (V(x), W(J)[m], F) and (V(x), W(J)[m], F) are M-mixed Hodge 
structures for every x G D(J)*, if F satisfies the condition (mMH). 
Therefore we obtain F(V(x)) = F(V(x)) for every i£l, which implies 
the equality F = F on V. □ 



6.11. In addition to the situation I6.3[ we assume that we are given a 
finite decreasing filtration F on V satisfying the following three condi- 
tions: 
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• The Griffiths transversality holds, that is, we have V(F P ) C 
ttx(logD) eg) F p_1 for every p. 

• (V, F, V)|x* underlies a polarizable variation of IR-Hodge struc- 
ture of weight m. 

• Gt p f V is locally free of finite rank for every p, or equivalently, 
F satisfies the condition (mMH). 

For a subset J of J, the Griffiths transversality implies the condition 

iV 4 (F p (0 D(J) ® V)) C FP-^Ou^ ® V) 
for every p and for every i e J. 

Lemma 6.12. In £/ie situation above, we have 

(1) A^j(iy(K)fc) C W^(i^)fc_i /or ever?/ i & K and for every k, 

(2) W(J) ^s £/ie monodromy weight filtration of Nr relative to the 
filtration W (J \K) 

on Ontj) <8> V for every two subsets J,K of I with K C J . 

Proof. See Cattani-Kaplan [CK[ (3.3) Theorem, (3,4)] and Steenbrink- 
Zucker [EH (3.12) Theorem]. □ 

Corollary 6.13. In the situation 16.31 and 16.11} £/ie induced filtration 
F on Gr fc (Od(j) <B> V) satisfies the property ((m + fc)MH) /or any 
subset J of L 

Proof. Take a subset K oi I \ J. For any point x G D(J U K)*, the 
triple 

(V(x),W(JUii:)[m],F) 

underlies an IR-mixed Hodge structure because i 7 " satisfies the condition 
(mMH) by the assumption. Moreover, the morphism (27i\/—l)~ 1 Nj(x) 
is a morphism of IR-mixed Hodge structures of type (—1,-1) by the 
condition (2) in the lemma above and by the Griffiths transversality. 
Therefore 

(GiY {J] V(x),W{JUK)[m},F) 
is an IR-mixed Hodge structure. On the other hand, we have 

H/(JUiT)(Grf (J) V(x)) = W{K){Gt™ {J) V{x))[k], 
by (2) in the lemma above. Thus 

(Grf (J) V{x), W{K) [m + k],F) 
underlies an IR-mixed Hodge structure. □ 
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6.14. In the situation 16.31 and 16.111 we fix a subset J of /. We have an 
exact sequence 

► C (logD(J)n%) ► n x (hgD)®0 D{J) 



^D(J) ^ U ' 



where |J| denotes the cardinality of J . On the other hand, the inte- 
grable log connection V induces a commutative diagram 

V — ?-> n 1 x (\ogD)®V 



O d{j) ®V > 0d ( j)®V, 

where the bottom horizontal arrow coincides with © ie j N iy £,{j) under 
the identification D li ®V ~ (@d(j) ® V)' J '. Because V preserves the 
filtration H^(J) on Od(j) ® V by the local description in |D1] . [Ktj and 
because N it E>(j){W(J)k) C W(«7)fc_i for every /c by Lemma IB. 121 (1). we 
obtain a morphism 

Grf {J \0 D(J) ® V) — ► fii, (J) (bgD(J) n D AJ ) ® Grf (J) (0 D(J) ® V) 

for every fc. We denote it by Vfc(J), or simply V(J). It is easy to 
see that V(J) is an integrable log connection on Gr fc '{Oo(j) ® V) 
satisfying V(J)(F P ) C F p_1 for every p for the induced filtration F on 

Gr fc '(0£)(j) <8> V). We can easily see that the residue of V(J) along 
D(J) H Di coincide with N i>D r Ju u\\ for z 6 J \ J. Thus V(J) satisfies 
the condition in I 



6.15. Let (V,F, V) be as in IO and ISTTTl Then (V,F, V)| x * is a po- 
larizable variation of M-Hodge structure of weight m. An integrable 
logarithmic connection on V ® V is defined by V £g> id + id £g>V as usual. 
Assume that we are given a morphism 

S : V <g> V — ► Cx 

satisfying the following: 

• 5 is (— l) m -symmetric. 

• S is compatible with the connections, where Ox is equipped 
with the trivial connection d. 

• S(F p V ®F q V) = if p + q>m. 

• S\x* underlies a polarization of the variation of IR-Hodge struc- 
ture(V,F,V)U*. 
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Now we fix a subset J of /. Then S induces a morphism 

O d(j) ® V ® V ~ (C D (j) ® V) <g> (0 D( j) <g> V) — )• C D (j), 
which is denoted by 5j. 

Lemma 6.16. In the situation above, we have 

Sj(W(K) a ® W(tf) 6 ) = 
/or every K G J and for every a, b with a + 6 < 0. 
Proof. We fix a subset ii' of J. It is sufficient to prove that 
Sj(W(K) a ®W(K)_ a _ 1 ) = 

for every non-negative integer a. 

Since S is compatible with the connections, we have 

Sj- (N t ® id + id ®iVi) = 

for every i e J, from which the equality 

Sj • (Nx ® id + id g)^) = 

is obtained. Then we have 

Sj(W(K) a <8 W(J0_ a _i) 

= (5-j • id g>7V£ +1 )(w(#) a ® w(K) a+1 ) 

= (-l) a+1 (5j ■ N a K +1 <8 id)(W(AT)a (g) WORVi) 
= (-l)°+%(W(K)_ a _ 2 (g) W(tf)«+i) 
= (-l) a+1+m Sj(W(K) a+1 ® lV(K)_ a _ 2 ) 

by using the equality VF(if)_& = N k (W(K) k ) for fe > (see e.g. 
(2.2) Corollary]). Thus we obtain the conclusion by descending induc- 
tion on a. □ 



Corollary 6.17. In the situation above, Sj induces a morphism 

} D(J) 



Grf {J \O d{j) <g> V) <g> Gr^ (J) ((9 D(J) ® V) — > (^ 



/or a non-negative integer k. 

6.18. In the situation above, we define a morphism 

S fc (J):P fe (J)®P fc (J)^0 D{J) 

by Sk{J) = Sj ■ (id<8>iVjr) for every subset J G I and for every non- 
negative integer k. 

By using the direct sum decomposition 

l>0 
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for a non-negative integer k, we obtain a morphism 
S k (J) : Grf {J \O d{j) ®V)® G^ (j \O d{j) <g> V) 

which is characterized by the following properties: 

• For non- negative integers a, b we have 

S k (J)(N a {V k+2a {J)) ® N b (V k+2b (J))) = 

if a 7^ 6. 

• The diagram 



(,') 







D(J) 



V k+ 2l{J)®V k+ 2l{J) 

N l ®N l 

N\V k+2l (J))®N\V k+2l {J)) 



Sk+2l(J) 



> C 



D(J) 



S k (J) 



-» o 



D(J) 



is commutative for every non-negative integer /. 
For a positive integer k, the morphism 



„w(A 



w( J )i 



S- k (J) : Gr^^((9 D(J) ® V) ® Gr^ j ((9 D(J) ® V) — ► 0(J) 

is defined by identifying Gr_ fc ( (Od(j)®V) with Gr fc {O d(j)®V) via 
the morphism N(J) k . More precisely, S- k (J) is the unique morphism 
such that the diagram 



V) 



GT k viJ \0 D{J) ®V)®GT k viJ \0 D{ j ) 

N(J) k ®N(J) k 

Gi w t J \0 D{J) ®V)® Gi w t J \0 D(J) ® V) 



S k (J) 



¥ O 



D{J) 



S-k(J) 



-> C 



D(J) 



is commutative. 

The following proposition plays the key role in the proof of semi- 
positivity theorem. 



Proposition 6.19. In the situation 16.31 f67TT1 and \QT5\ the data 

(Grf (J) ((9 D(J) ®V),F,V(J),5 fe (J)) 
satisfies the conditions m l6.3L 16.111 and 16.151 again. 
Proof. By Lemma [63] and EH the pair (Grf {J \O d{J) <g> V),V(J)) 



satisfies the condition 16.31 As remarked in !6.14[ we have V(J)(-F P ) C 
_pp-i f or every p. Moreover, the filtration F on Gr fc (Od(j) <8> V) 
satisfies the condition ((m + fc)MH) by Corollary 16.131 
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By definition, the morphism 

Sj : Grf {J \O d{j) <g> V) ® Gr^ (J) (0 D(J) ® V) 

is compatible with the connections on both sides. Therefore Sk(J) is 
compatible with the connections because 

Nj : Grf (J) (O d(j) ® V) — ► Gr^ ( 2 J) (0 D(J) ® V) 

is compatible with the connection V(J) on the both sides. Thus Sk(J) 
is compatible with the connection. Moreover we can check the equality 

S k (J)(FP ® Fi) = 

for p + q > m + k by using Nj(F q ) C F q ~ k . 

There exists an open subset U of D( J)* such that Gr^Gr fe \Od{j)® 
V) is locally free C?D(j)-module of finite rank for every p and that 
D(J) \ U is a nowhere dense closed analytic subspace of D(J). 

By the local description as in Deligne |Dlj . Katz |Ktj . we can easily 
check that Ker(Vfc(J))|_D(j)* admits an M-structure, that is, there exists 
a local system Vjt(J) of finite dimensional R- vector spaces with the 
property C <S> Vfc(J) — Ker(Vfe(J))|i)(j)*. Then the data 

(V fe (J), (Grf (j) (O d(j) ® V), F), V(J), S k (J))\u 

is a polarized variation of M-Hodge structure of weight m+k, by Schmid 
[Scj . By Lemma EHOl Gr^,Gr fe '(0 D (j) (g) V) turns out to be locally 
free for every k,p and then 

(Grf (J) (^(j)®V),F,V(J),5 fc (J))| D(J) , 

underlies a polarized variation of R-Hodge structure of weight m + k 
as desired. By the continuity Sk(J) is (— l) m+fc -symmetric. □ 

Let us recall the definition of semi-positive vector bundles in the 
sense of Fujita-Kawamata. Example 18.21 below helps us understand 
the Fujita-Kawamata semi-positivity. 

Definition 6.20 (Semi-positivity). A locally free sheaf (or a vector 
bundle) £ on a complete algebraic variety X is said to be semi-positive 
if for every smooth curve C, for every morphism if : C — > X, and 
for every quotient invertible sheaf (or line bundle) Q of tp*£, we have 
deg c Q > 0. 

It is easy to see that £ is semi-positive if and only if Op x (£)(l) is nef 
where 0p x (£)(l) is the tautological line bundle on Fx{S). 

The following theorem is the main result of this section (cf. |Kwl| 
Theorem 5]). It is a completely Hodge theoretic result. 
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Theorem 6.21 (Semi-positivity theorem). Let X be a smooth complete 
complex variety, D a simple normal crossing divisor on X , V a locally 
free Ox -module of finite rank equipped with a finite increasing filtration 
W and a finite decreasing filtration F. We assume the following: 

(1) F a V = V and F b+1 V = for some a<b. 

(2) Gr^GrJ^ V is a locally free Ox -module of finite rank for allm,p. 

(3) For all m, Gr^ V admits an integrable logarithmic connection 
V m with the nilpotent residue morphisms which satisfies the 
conditions V m (FPGr^ V) C F*- x Gx™ V for all p. 

(4) The pair (Gr m V, F, V m ) \x\d underlies a polarizable variation 
of'W-Hodge structure of weight m for every integer m. 

Then (Gr^, V)* and F b V are semi-positive. 

Proof. Since a vector bundle which is an extension of two semi-positive 
vector bundles is also semi-positive, we may assume that the given V 
is pure of weight m, that is, W m V = V, W m _i V = 0, for an integer 
m without loss of generality Then V carries an integrable logarithmic 
connection V whose residue morphisms are nilpotent. Thus the data 
(V, F, V) satisfies the conditions in 16.31 and 16.111 Note that V is the 
canonical extension of V \x\d because the residue morphisms of V are 
nilpotent. 

By the assumption (jl]) above, V \x\d carries a polarization which 
extends to a morphism 

S : V <g> V — ► Ox 

by functoriality of the canonical extensions. We can easily see that the 
data (V, F, V) and S satisfies the conditions in 16.31 16.111 and 16.151 

For the case of dimX = 1, we obtain the conclusion by Zucker [Z] 
(see also Kawamata |Kwl] and the proof of [Ko3l Theorem 5.20]). 

Next, we study the case of dimX > 1. Let ip : C — > X be a mor- 
phism from a smooth projective curve. The irreducible decomposition 
of D is denoted by D = ]T ie/ A as in [OJ We set J = {i e J; <p(C) C 
A} C I. Then (p(C) C D(J), (p(C)nD(J)* ± and (p*D IV is an effec- 
tive divisor on C. By Proposition 16 .19} the locally free sheaf Op^ ®V 
with the finite increasing filtration W(J) and the finite decreasing fil- 
tration F satisfies the assumptions (l)-(4) for D(J) with the simple 
normal crossing divisor D(J) fl A\j- Therefore ip* V = (p*(Oo(j) ® V) 
with the induced nitrations W and F satisfies the assumptions (l)-(4) 
for C with the effective divisor ip*Di\j. Then we conclude the desired 
semi-positivity by the case of dimX = 1. □ 

Remark 6.22. In Theorem I6.21[ if X is not complete, then we have 
the following statement. Let V be a complete subvariety of X. Then 
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(Gr^V)*|y and (F b V)\v are semi-positive locally free sheaves on V. It 
is obvious by the proof of Theorem 16.211 

Corollary 6.23. Let X and D be as in Theorem 16. 211 Assume that we 
are given an admissible graded polarizable variation of M.-mixed Hodge 
structure V = ((V, W),F) on X \ D of unipotent monodromy. We 
assume the conditions F a V = V and F b+1 V = 0. The canonical ex- 
tensions of V = Ox\d ® V and of Wk V = Ox\d ® Wk are denoted 
by V and by WkV for all k. As stated in Proposition 13.131 the Hodge 
filtration F extends to V such that Gr^Gr fc V is locally free of finite 
rank for all k,p. Then (Gr^V)* and F b V are semi-positive. 

We learned the following remark from Christopher Hacon. 

Remark 6.24. The proof of the semi-positivity theorem in [Ko4[ The- 
orem 8.10.12] contains some ambiguities. In the same notation as in 
[Ko4} Theorem 8.10.12], if D is a simple normal crossing divisor but is 
not a smooth divisor, then it is not clear how to express R m f 1f uJx/Y{.F)) 
as an extension of R m f^UDj/Y^- The case when D = F is a smooth 
divisor is treated in the proof of |Ko4t Theorem 8.10.12]. The same 
argument does not seem to be sufficient for the general case. 

Fortunately, |F4| Theorem 3.9] is sufficient for all applications in 
[Ko4j . 

7. Vanishing and torsion-free theorems 

In this section, we discuss some generalizations of torsion-free and 
vanishing theorems for quasi-projective simple normal crossing pairs. 

First, let us recall the following very useful lemma. For a proof, see, 
for example, [F141 Lemma 3.2]. 

Lemma 7.1 (Relative vanishing lemma). Let f : Y — >■ X be a proper 
morphism from a simple normal crossing pair (Y, A) to an algebraic 
variety X such that A is a boundary W-divisor on Y . We assume that 
f is an isomorphism at the generic point of any stratum of the pair 
(Y, A). Let L be a Cartier divisor on Y such that L ~rj Ky + A. 
Then i? 9 /*Oy(L) = for every q > 0. 

We note that Lemma 17.11 is an easy generalization of the relative 
Kawamata-Viehweg vanishing theorem. As an application of Lemma 
17.11 we obtain Lemma 17.21 We have already used it several times in 
Section [5j 

Lemma 7.2 (cf. JF131 Lemma 2.7]). Let (Vi, D x ) and (V 2 , D 2 ) be simple 
normal crossing pairs such that Di and D 2 are reduced. Let f : V\ — >■ V 2 
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be a proper morphism. Assume that there is a Zariski open subset U\ 
(resp. U 2 ) ofVy (resp. V 2 ) such that U x (resp. U 2 ) contains the generic 
point of any stratum of (Vi,Di) (resp. (V 2 ,D 2 )) and that f induces an 
isomorphism between U x and U 2 . Then R l f*cuy x {D\) = for every i > 
and f*uy 1 (Di) ~ uy 2 (D 2 ). By the Grothendieck duality, we obtain that 
R i f*Oy 1 (-D 1 ) = for every 1 > and f*0 Vx (-D x ) ~ Ov 2 {-D 2 ). 

Proof. We can write 

K Vl +D 1 = f*(K V2 +D 2 ) + E 

such that E is /-exceptional. We consider the following commutative 
diagram 

V x v — ?-> V 2 V 



"■1 



v x — > v 2 
f 

where i>\ : V" — > V\ and v 2 : V 2 — > V 2 are the normalizations. We can 
write K V{ + 9 X = v\{K Vx + D x ) and K v , + 9 2 = v* 2 {K v% + D 2 ). By 
pulling back K Vl + D 1 = f*(Ky 2 + D 2 ) + E to V x v by u x , we have 

K vr + 0! = (f v )\K v , + 2 ) + v\E. 

Note that V 2 is smooth and 02 is a reduced simple normal crossing 
divisor on V 2 . By the assumption, f v is an isomorphism over the 
generic point of any lc center of the pair (V 2 , Q 2 ) (cf. ll.lip . Therefore, 
v\E is effective since Ky + 2 is Cartier. Thus, we obtain that E 
is effective. We can easily check that / has connected fibers by the 
assumptions. Since V 2 satisfies Serre's S 2 condition, we can check that 
Oy 2 ~ f,0 Vl and UO Vl {K Vl + D t ) ~ Ov 2 {K V2 + D 2 ). On the other 
hand, we obtain R l f*Oy x (Ky x +D X ) = for every i > by Lemma ITTLl 
Therefore, RfJDy x (Ky x +D X ) ~ Oy 2 [Ky 2 +D 2 ) in the derived category 
of coherent sheaves on V 2 . Since V\ and V 2 are Gorenstein, we have 

RUO Vx {-D x ) ~ RHom(Rf*u Vl (D x ),u^) 

~ RHom(Rf^ujy 1 (Di),ujy 2 ) 

~ RT-iom(uy 2 (D 2 ) , Uy 2 ) ~ Oy 2 (-D 2 ) 

in the derived category of coherent sheaves on V 2 by the Grothendieck 
duality. Therefore, we have R % f*Oy x (—D x ) = for every % > and 
UOy x (-D x )~0 Vi (-D 2 ). D 

Next, we prove the following theorem, which was proved for embedded 
simple normal crossing pairs in [F71 Theorem 2.39] and |F7l Theorem 
2.47]. We note that we do not assume the existence of ambient spaces 
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in Theorem 17.31 However, we need the assumption that X is quasi- 
projective. 

Theorem 7.3 (cf. [F7, Theorem 2.39 and Theorem 2.47]). Let (X,B) 
be a quasi-projective simple normal crossing pair such that B is a 
boundary M.-divisor on X. Let f : X — > Y be a proper morphism 
between algebraic varieties and let L be a Cartier divisor on X . Let q 
be an arbitrary integer. Then we have the following properties. 

(i) Assume that L — (K x + B) is f -semi-ample. Then every asso- 
ciated prime of R q f*Ox(L) is the generic point of the f -image 
of some stratum of (X, B). 
(ii) Let 7T : Y —¥ Z be a projective morphism. We assume that 
L—(Kx+B) ~k f*A for someM-CartierWL-divisor A onY such 
that A is nef and log big over Z with respect to f : (X, B) — > Y 
(cf \F7\ Definition 2.46]). Then R q f*Ox(L) is n^-acyclic, that 
is, R p 7r*R q f*Ox(L) = for every p>0. 

Proof. Since X is quasi-projective, we can embed X into a smooth 
projective variety V. By Lemma [7.51 below, we can replace (X, B) and 
L with (Xfc,Bfc) and a*L and assume that there exists an M-divisor 
D on V such that B = D\x- Then, by using Bertini's theorem, we 
can take a general complete intersection W G V such that dimVT = 
dimX + 1, X C W, and W is smooth at the generic point of every 
stratum of (X, B) (cf. the proof of |Ko5t Proposition 9.60]). We take 
a suitable resolution ip : M -^-W with the following properties. 

(A) The strict transform X' of X is a simple normal crossing divisor 
on M. 

(B) We can write 

Kx'+B' = V *(K X + B) + E 

such that (p = ip\x', (A', Supp(£>' + E)) is a globally embedded 
simple normal crossing pair (cf. Definition 12. 131) . B' is a bound- 
ary R-divisor on X', the y9-image of every stratum of (X', B') 
is a stratum of (X, B), r E n is effective and yj-exceptional. 

(C) if is an isomorphism over the generic point of every stratum of 
(X,B). 

(D) tp is an isomorphism at the generic point of every stratum of 
(X>,B>). 

Then 

K x , + B' + {-E} = V *(K X + B) + r E^, 

<p*O x ,(<p*L + rE->)~O x (L), 
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and 

R?(p.O x ,(<p*L + r Ei) = 
for every q > by Lemma 17.11 We note that 

tp*L + r£p - (K x , + B' + {-£}) = <f*{L - (K x + B)) 

and that y? is an isomorphism at the generic point of every stratum of 
(X',B> + {-E}). 

Therefore, by replacing (X, B) and L with (X',B' + {— E}) and 
ip*L + r E n , we may assume that (X, B) is a quasi-projective globally 
embedded simple normal crossing pair (cf. Definition 12.131) . In this 
case, the claims have already been established by [F7[ Theorem 2.39] 
and |F3 Theorem 2.47]. □ 

For some generalizations of Theorem 17. 31 for semi log canonical pairs, 
see [FI5] . 

Remark 7.4. Note that Theorem l7.3l (i) is contained in |F14l Theorem 
1.1 (i)]. In |F14| Theorem 1.1], we do not assume that X is quasi- 
projective. On the other hand, we do not know how to remove the 
quasi-projectivity of X from Theorem 17.31 (ii). 

By direct calculations, we can obtain the following elementary lemma. 
It was used in the proof of Theorem 17.31 

Lemma 7.5 (cf. |F7| Lemma 3.60]). Let (X,B) be a simple normal 
crossing pair such that B is a boundary R-divisor. Let V be a smooth 
variety such that X C V. Then we can construct a sequence of blow-ups 

V k -> V fc _! -> • • • -> V = V 

with the following properties. 

(1) £Tj + i : Vi + i — >■ Vi is the blow-up along a smooth irreducible com- 
ponent o/Supp-Bj for every i > 0. 

(2) We put X = X , B = B, and X i+ i is the strict transform of 
Xi for every % > 0. 

(3) We put K Xi+1 + B l+1 = a* +1 (K Xi + B { ) for every i>0. 

(4) There exists an R- divisor D on Vk such that D\ Xh = B^. 

(5) o"*Ox fc — O x and R q 0-*O Xk = for every q > 0, where a : 
V k -+ V fc _i -> ► H = V. 

Proof. All we have to do is to check the property (5). We note that 
o- i+u O Vi+1 (K Vi+1 ) ~ Cy i+1 (ir yi+1 ) and .RVi+uC^^K^J = for ev- 
ery q and for each step cr i+ i : Vi + \ — > Vi by Lemma 17.21 Therefore 
we obtain R q a*0 Xk (K Xk ) = for every q > and cr^O Xk (K Xk ) ~ 
O x (K x ). Thus by the Grothendieck duality we obtain R q a*0 Xk = 
for every q > and a* (9x fc — C*x as in the proof of Lemma 17.21 □ 
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8. Examples 

In this final section, we give supplementary examples for the Fujita- 
Kawamata semi-posit ivity theorem (cf. |Kwlt Theorem 5]), Viehweg's 
weak positivity theorem, and the Fujino-Mori canonical bundle formula 
(cf. |FM] ). For details of the original Fujita-Kawamata semi-posit ivity 
theorem, see, for example, |Mot §5] and [F5j Section 5]. 

8.1 (Semi-positivity in the sense of Fujita-Kawamata). The following 
example is due to Takeshi Abe. It is a small remark on the definition 
of the Fujita-Kawamata semi-positivity: Definition 16.201 

Example 8.2. Let C be an elliptic curve and let E be a stable vector 
bundle on C such that the degree of E is — 1 and the rank of E is two. 
Let f m : C — > C be the multiplication by m where m is a positive in- 
teger. In this case, every quotient line bundle L of E has non-negative 
degree. However, CWe)(1) is not nef. It is because we can find a quo- 
tient line bundle M of f^E whose degree is negative for some positive 
integer m. 

8.3 (Canonical bundle formula). We give sample computations of our 
canonical bundle formula obtained in [FM] . We will freely use the 
notation in |FMj . For details of our canonical bundle formula, see 
[FM] . |F2l §3], and JEJ1 §3, §4, §5, and §6]. 

8.4 (Kummer manifolds). Let E be an elliptic curve and let E n be the 
n-times direct product of E. Let G be the cyclic group of order two of 
analytic automorphisms of E n generated by an automorphism 

g: E n -> E n : (z u ■ ■ ■ , z n ) H> (-z x , • ■ ■ , -z n ). 

The automorphism g has 2 2n fixed points. Each singular point is ter- 
minal for n > 3 and is canonical for n > 2. 

8.5 (Kummer surfaces). First, we consider q : E 2 /G — > E/G ~ P 1 , 
which is induced by the first projection, and g = qo fi : Y — >F l , where 
[I'.Y—t E 2 /G is the minimal resolution of sixteen Ax-singularities. It 
is easy to see that Y is a KZ surface. In this case, it is obvious that 

g^O Y (mKY/pi) ^ 0pi(2ra) 

for every m > 1. Thus, we can put Lym = D for any degree two Weil 
divisor D on P 1 . We obtain Ky = g*(Kpi + Ly/pi). Let Qi be the 
branch point of E — > E/G ~ P 1 for 1 < i < 4. Then we have 

4 / A 4 i 

i=l ^ ' i=\ 
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by the definition of the semi-stable part Lp, ¥l . Therefore, we obtain 
K Y = g* ( K P i + L S Y S /¥1 + J2 2®* J • 



Thus, 



but 



4 i 
L- /pl = D - J2 ~Qi>t 



i=i 



2Ly / p i = 2D — y Qi ~ 0. 



i=i 



Note that I/y /P i is not a Weil divisor but a Q-Weil divisor on P 1 . 

8.6 (Elliptic fibrations). Next, we consider E 3 /G and E 2 /G. We con- 
sider the morphism p : E 3 /G — > E 2 /G induced by the projection 
E 3 ->■ E 2 : (zi,z 2 ,-2 3 ) ->■ (-zi, z 2 ). Let z/ : X' -> E 3 /G be the weighted 
blow-up of E 3 /G at sixty-four |(1, 1, l)-singularities. Thus 



X 



a' 



z/*X 



B 3 /G 



64 



i=i 



where £j ~ P 2 is the exceptional divisor for every j. Let Pi be an 
A i -singularity of E 2 /G for 1 < i < 16. Let if; : X — » X' be the blow-up 
of X' along the strict transform of p~ l (P,j), which is isomorphic to P 1 , 
for every %. Then we obtain the following commutative diagram. 

E 3 /G £^ X 



E 2 /G <- 



(ii 



10 



Y 



Note that 

K x = <P*K Ei/G + ]T ±Ej + £ F k , 

3=1 k=l 

where Ej is the strict transform of Ej on X and Fk is the -^-exceptional 
prime divisor for every k. We can check that X is a smooth projective 
threefold. We put Cj = /z _1 (Pj) for every i. It can be checked that 
Gi is a (— 2)-curve for every i. It is easily checked that / is smooth 
outside Yji=i Ci and that the degeneration of / is of type Iq along Cj 
for every i. We renumber {Ej}^ =1 as {Ej}, where f(Ej) = Ci for 
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every 1 < i < 16 and 1 < j < 4. We note that / is flat since / is 
equi- dimensional . 

Let us recall the following theorem (cf. [Kw2| Theorem 20] and [N2| 
Corollary 3.2.1 and Theorem 3.2.3]). 

Theorem 8.7 (..., Kawamata, Nakayama, ...). We have the following 
isomorphism. 

(f*U X /Y)® 12 ^Oy(f2 6Ci 

where uj x /y ^ O x (K x /y) = O x (K x - f*K Y ). 

The proof of Theorem 18.71 depends on the investigation of the upper 
canonical extension of the Hodge filtration and the period map. It is 
obvious that 

2K x = f* Uky + J^Q 

and 

16 



2mK x = f* 2mK Y + m J^ C i 



i=l 



for all m > 1 since f*C{ = 2Fi + Ylj=i-Ej for every i. Therefore, we 

have 2L x /y ~ Ei=i C*. O n the other hand, f*u x /Y — Oy(l.Lx/y->)- 
Note that Y is a smooth surface and / is flat. Since 



O y (12 L L x/yJ ) ~ {Uu x/ yT 12 zl O y (JT 6C * 
we have 

16 

12Lx/y ~ 6 y Ci ~ 12i_Lx/y-i- 

8=1 

Thus, L x /y is a Weil divisor on y. It is because the fractional part 
{L x / Y } is effective and linearly equivalent to zero. So, L x / Y is numeri- 
cally equivalent to \ Ya=i Ci- We have g*Qi = 2Gi + J2j=i Cf fo r ever y 
i. Here, we renumbered {Cj}]^ as {C 3 i }fj =1 such that g(Cj) = Qi 
for every i and j. More precisely, we put 2Gj = g*Qi — Ej=i C| 
for every z. We note that we used notations in 18.51 We consider 
A := g*D - £j = i C;- Then A is a Weil divisor and 2 ^ ~ Ei=i <?*■ 
Thus, A is numerically equivalent to | Ei=i Cj- Since -ff 1 (F, Oy) = 0, 
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we can put L x /y = A. So, we have 

4 16 1 

We obtain the following canonical bundle formula. 
Theorem 8.8. The next formula holds. 

Kx = f* Ur + U£ /Y + J2 \Ci 

where L$ /Y = g*D - £j = i G { - Ef=i |Q- 

We note that 2L S ^, Y ~ but Iw y ^ 0. The semi-stable part L S £, Y 
is not a Weil divisor but a Q-divisor on Y". 

The next lemma is obvious since the index of K e s/q is two. We give 
a direct proof here. 

Lemma 8.9. H°(Y,L x /y) = 0. 

Proof. If there exists an effective Weil divisor B on Y such that Lx/y ~ 
B. Since B • Ci — — 1, we have £? > |Cj for all i. Thus £> > E»=i \C%- 
This implies that B — Y2i=i \C% is an effective Q-divisor and is numeri- 
cally equivalent to zero. Thus B = J2i=i \G%- It is a contradiction. □ 

We can easily check the following corollary. 

Corollary 8.10. We have 



-.in 



Oy(Ei=i"Ci) ifm = 2n, 



f * Ux/Y ^OY(L x/Y + Zl 6 =l nQ) ifm = 2n + l. 
In particular, f*^ x Ty is not nef for any m > 1. VFe can a/so check that 

no (Y fl! ® m )~S C tf mis even, 
{ Y >'* M x/r>-\o if mis odd. 

Corollary 18.101 shows that [U Theorem 1.9 (1)] is sharp. 

8.11 (Weak positivity). Let us recall the definition of Viehweg's weak 
positivity (cf. |Vlt Definition 1.2] and |V3t Definition 2.11]). The reader 
can find some interesting applications of a generalization of Viehweg's 
weak positivity theorem in [FGJ. 
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Definition 8.12 (Weak positivity). Let W be a smooth quasi-projective 
variety and let J 7 be a locally free sheaf on W. Let U be an open sub- 
variety of W. Then, J 7 is weakly positive over U if for every ample 
invertible sheaf ~H and every positive integer a there exists some pos- 
itive integer (3 such that S ' 13 ^) <8> "Hr is generated by global sections 
over U. This means that the natural map 

H°(W, S a - p {F) <8> W?) ®O w ^r S a -\T) ® U 15 

is surjective over U. 

Remark 8.13 (cf. [YD (1.3) Remark, hi)]). In Definition EM it is 
enough to check the condition for one invertible sheaf "H, not necessarily 
ample, and all a > 0. For details, see |V3l Lemma 2.14 a)]. 

Remark 8.14. In [V2l Definition 3.1], ^(J*) ®H 0/3 is only required 
to be generically generated. See also [Mo[ (5.1) Definition]. 

We explicitly check the weak positivity for the elliptic fibration con- 
structed in 18.61 (cf. | VI I Theorem 4.1 and Theorem III] and |V3l The- 
orem 2.41 and Corollary 2.45]). 

Proposition 8.15. Let m be a positive integer. Let f : X —¥ Y be 

the elliptic fibration constructed in 18.61 Then f*w^f Y is weakly positive 

over Y = Y \ E»=i Cj. Let U be a Zariski open set such that U (/lYq. 
Then J^xTy ^ s no ^ wea kly positive over U . 

Proof. Let if be a very ample Cartier divisor on Y such that Lx/y + H 
is very ample. We put T-L = Oy(H). Let a be an arbitrary positive 
integer. Then 

S a {f,ufJ l Y ) ^U^OylaJ^nQ + H 

if m = 2n. When m = 2n + 1, we have 

3 X/Y> 



t=l 



s^Uuj^^u 



Y {a E2i nd + H + L x/Y + L f j E!=i d) ^ « is odd, 
Oy(aE2i wC * + ^ + fE]"=iCi) if « is even. 

Thus, ^(/^a;®^) ®"H is generated by global sections over Y for every 
a > 0. Therefore, /*w®/y * s we& kly positive over F . 
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Let A be an ample invertible sheaf on Y . We put k = max(Cj • A). 

j 

Let a be a positive integer with a > k/2. We note that 



id 



S 2a -P(f*co® ™) <g> A®? ~ Oy (a ^ mC *) ® ^ 



i=l 



If H°(Y, S 2a ^(f,ufP Y ) g> ^) ^ 0, then we can take 



'X/Y 



Ge 



16 



Oy(a^mCi) ®A 



i=l 



In this case, G ■ Ci < for every z because a > k/2. Therefore, we 

<S> A®^ is not generated by 



U) 



X/Y. 



obtain G > YZiCi- Thus, S 2a ^(f, 

global sections over U for any > 1. This means that /*w®7y is not 

weakly positive over [/. D 



Proposition 18.151 implies that |V3t Corollary 2.45] is the best result. 

Example 8.16. Let / : X — y Y be the elliptic fibration constructed 
in 18.61 Let Z := C x X , where C is a smooth projective curve with the 
genus g(C) = r > 2. Let 7Ti : Z — y C (resp. tc 2 '■ Z — y X) be the first 
(resp. second) projection. We put h := / o tt 2 : Z — y Y. In this case, 
Kz — K*Kc <8> n^Kx- Therefore, we obtain 



n*u z/Y 



Uii2^>c m ® <o>T) ® ^" m 



\J* UJ X/Y> ' 



where Z = dim#°(C, O c {mK c )). Thus, I = {2m - l)r - 2m + 1 if 
m > 2 and I = r if m = 1. So, h^uz/Y is a rank r > 2 vector bundle 
on y such that h^uz/Y is not semi-positive. We note that h is smooth 
over Y = Y \ J2i=i C%- We also note that h^co^Jy is weakly positive 
over Y for every m > 1 by |V3| Theorem 2.41 and Corollary 2.45]. 



Example 18.161 shows that the assumption on the local monodromies 
around Yli=i ^ i s indispensable for the Fujita-Kawamata semi-positivity 
theorem (cf. [Kwlj Theorem 5 (iii)]). 

We close this section with a comment on [FMj . 



8.17 (Comment). We give a remark on |FMj Section 4]. In [FMl 4.4], 
g : Y —)• X is a log resolution of (X, A). However, it is better to 
assume that g is a log resolution of (X, A — (l/b)B A ) for the proof of 
[FMl Theorem 4.8]. 
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